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K YATATENIO

[Ipexxne ueM HauaTh yTeHHe 3TOii GPOUNOPHI, BbI, BO3MOXHO,
3aXOTHTE Yy3HaTb: a 3aueM, COGCTBEHHO [OBOpSl, HYXEH He-
CTaHZapTHHIH aHanau3? [loueMy Hac mepectasn ycTpauBaTtb Tpa-
JNULHOHHBIN («CTAHAAPTHBIN») aHa/NW3, BEPHO CAYXHBUIMHA Ha-
wuM yuurensm? HyxHo /M Jlovarb R0GpOTHOE 3[aHHE COBpe-
MEHHOH MaTeMaTHKH, 4ToObl Ha €ro pa3BajMHaX MOCTPOHTb
He4To 3arajoyHoe H 3(peMepHOe MO elle He BIMOJHE SCHOMY
naany?

HomxkeH cpa3y ke YCMOKOHTb Bac: HeCTaHAApPTHBIH aHaMH3
BOBCE He MpeTeHAyeT Ha TO, YTOObl 3aMEHHTb, «CBEPTHYTb»
y>Ke HMEIOUIYIOC «CTaHAapTHYIO» MaTeMaTHKY H BOLAPHUTHCS
Ha ee MecTe — ero NpHTA3aHHA ropasfo ckpomHee. OH BO3-
HHK B 1960 roay, korma A6paxam PoOGHHCOH, crnelHajyHCT Mo
TEOPHH MOZeJselt, MOHAJ, KaKHM 00pa3oM MeTOIbl MaTeMaTHue-
CKOM JIOTHKH NMO3BOJISIIOT «ONpPaBAaTh» KJAaCCHKOB MareMarHue-
ckoro anaau3a XVII u XVIII BB., moctaBuB Ha cTporyio
OCHOBY HMX pacCyXXAeHHsl, HCMoJb3yioliue «6eCKOHEUHO GoJb-
1He» H GECKOHEYHO MaJjible BesMHuHHbl. TakuM obpasoMm, c ca-
MOro Haya/a 1/a peyb He O KaAKHX-TO HOBBbIX «HECTaHAapTHBIX»
MeTOJaX, He HMEIOLHX HHYEro oblIero ¢ TPaaHUHOHHOH Ma-
TEMaTHKOH, a O Pa3BUTHH HOBLIX CPeACTB BHYTPH CTaHIapT-
HO/ (TEopeTHKO-MHOXeCTBEHHOH) MaTeMaTHKH.

€CTaHAapTHbIH aHanu3 ocrajcs Obl JOOONBITHLIM Kypbe-
30M, eci Gbl €HHCTBEHHBIM €ro npHaoXKeHHeM GhII0 060CHO-
BaHHE pacCy>XIEHHH KJAaCCHKOB MaTeMaTHYeCKOro aHasu3a.
K cyacTbto, 3T0 He TaK: OH OKa3aJjcs MOJMe3HbIM H MpPH pasBii-
THH HOBBIX MaTeMaTHUeCKHX TeopHil. Hecranpaprubiii ananus
MOXHO, caefysi aBTopaM KHurH [23], cpaBHMTB C MOCTOM,
nepeGpouuenHbiM yepe3 peky. [Toctpoiika Mocra He paciumpsieT
LNOCTYMHOM HaM TeppUTOPHH (Bedb H paHblle MOXHO G6bl10
nonactb Ha Apyro# 6eper, 0601 HCTOK peKH), HO COKpallaeT
nyTs ¢ oaHoro Gepera Ha apyrofi. [lo1o6HbIM oGpasom He-
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CTaHAapTHHIH aHa/H3 JesaeT J0Ka3aTelbCTBAa MHOTHX TeopeM
Kopoue.

OpHaKo, GbITb MOXET, INIaBHOE 3HAyeHHe HeCTaHAapTHOro
aHa/lM3a COCTOMT B APYroM. $I3blK HECTaHAapTHOro aHaausa
OKasasicd YAOGHBbIM CpeACTBOM MOCTPOEHHS MaTeMaTHYeCKHX
mojienell (pM3MYEeCKHX sIBJeHHH. (JTO He yAMBHTEJNbHO: Heja-
poM (M3MKH H3/aBHa JIOOHIH rOBOPHTb O GECKOHEUHO MaJbiX
o6beMax, MOBepXHOCTAX H T. N.) DbITb MOXeT, HleH H METOJbI
HeCTaHJapTHOrO aHal{3a CTaHYT BaXXHOH yacTblo Oyayulei
(¢u3nueckoi KapTHHbBI MHpa. Bo Bcsikom cayuae yxe ceifuac
MHOTHe ClelHaJHCThl 10 MaTeMaTHYecKOH (H3HKe aKTHBHO
HCNOJIb3YIOT HECTaHRApTHLIA aHalIH3 B cBoeii pabore.

§ 1. O HECTAHOAPTHOM AHAIJIM3E
(HECKOJNIbKO NPUMEPOB)

Yurarenb, Haile Al B cepbe3HOH HayuHOH MOHOrpacduH OmH-
CaHHe SHAOKPHHHBIX CHCTeM 'PHGOHOB H €IHHOPOrOB HJH
XHMHYECKHX peaKLuil Mexay (HI0COPCKHM KamHeM H ¢uio-
rHCTOHOM, OyZer, HaBepHOe, HECKOJIbKO oluapauleH. A Beab
OTAeAbHblE CTPAHHLBI COYHHEHHH MO HECTaHAAPTHOMY aHaJH-
3y MOTyT NpPOH3BECTH Ha HEeMOArOTOBJEHHOro yuTareas (BIpo-
yeM, JOCTaTOYHO MOIATOTOBJEHHOr0, HO HMEHHO B 06JacTH
OObIYHOM, CTaHAAapTHOH MaTeMaTHKH) CXOLHOe BeYaT/eHHe.
Bot HekoTopble npHMepBI.

[Tpumep 1. BoluncauM NpPOH3BOAHYIO (PYHKUMH y=x2.
Janum apryMeHty x npHpalueHue dx, nepeiiisi OT TOYKH X
K TOuKe x-+-dx. BbICHHM, HacKOJbKO NMPH 3TOM H3MEHHJIOChH
3HayeHHe QYHKUHMH. B Touke x OHO paBHsoch x2. B Touke
x+dx oHo paBusietcs (x+dx)*=x2+42x-dx+(dx)?. Takum oG-

pasoM, OHO H3MEHHJOCb Ha

Yy dy=2xdx—+-(dx)* (puc. 1). OtHo-
lieHHe npupauleHHss dy (yHK-
y+ay - UMK y=x® K npupauleHHio dx

aprymeHra x paBHO
dy 2xdx + (dx)3

y ax =-T—=2x+dx.
Ecnn dx GeckoHeyHo Mano

= zrqx  x (3amuce: dxx0), To uneHoM

/! dx B cymMe 2x--dxMoxHO mpe-
Puc. 1 He6peyb, H HCKOMasi NpOH3BOJ-



Has (OTHOLUEHHE NpHpalleHHsi GYHKUHH K NPHPALIEHHIO apry-
MEHTa, €CJIM nocjefHee GeCKOHEYHO MaJso) paBHa 2x.

[ITpumep 2. BbluMCIHM aHAJOTHYHBIM CMOCOGOM MpoO-
usBonHylo QyHkuun y=)x. [lpupawenue dy pasHo

V x+de—V x; qacmoe%pasﬂo

Vitd—Vx _ VetV x+d+Vx) _
dx de(Vx+de +V x)
_ x4 de—x _ 1
T a(Vitdc+Vx  Vi+da+Vx

B3sB dx: 6eCKOHEYHO MaJ/biM, MOJNy4yaeM, YTO NPOH3BOAHAS
paBHa

1 1
Vx+Vzx 2Vx'
[Tpumep 3. IroT mpHMep OTHOCHTCH He K BBIYHCIIE-

HHIO Yero-nu6o, a K onpeaeeHHI0 — Onpeae/IeHHIO NMOHATHA
HHTErpaJa. ”TaK, UYTO K€ TaKoe€ HHTEerpaJ

b
Sf(x) dx

ot ¢yukuuu f no orpesky la, b]? PaszoGhem otpesok [a, 6]
Ha GecKOHeyHo 6oJbluoe yHca0 A yactell GECKOHEYHO Masoil
MuHBl dx (Tak yto b=a-Hdx). PaccmoTpum Tenepb cymmy

f(@)+fa+dx)+fa+2dx)+...+fla+(H—1)dx),

COCTOAILLYI0 M3 GECKOHEYHOro 4Yuc/ja 4Y1eHOB, a MMeHHO H3 /1
yneHOB. 3HauYeHHe 3TOH CyMMbl, YMHOXeHHOe Ha dx, H OyaeM
CYUTaTh HHTErpaJoM OT (YyHKUHH f.

Crepytolie npuMepbl MpeanosiaraloT MOBbILIE HHBIH  ypo-
BEHb 3HAKOMCTBA YHTaTeJs C 96blKHOBeHHoﬁ («cTaHaapTHOMY)
MaTeMaTHKOH; Te M3 yuTaTeNeld, KOMYy YTO-TO MOKaXKeTcsi He-
MOHATHBIM, MOTYT NPOMYCTHTb 3TH NpHMephbl Ge3 ylepba A1s
JajibHeHLero.

*ITpumep 4. [lokasaTenbcTBO paBHOMepHOH HempepbiB-
HOCTH (PYHKUHH, HempepbiBHOH Ha oTpe3ke. HenpepriBHOCTD
¢byHKuMH f B TOUKe X O3Hauyaer, yto Aas JoOoH GeCKOHeYHOo
6113KoH K Hell Touku x' 3HaueHue f(x') GecKOHeWHO GJIH3KO K
f(x); unaue roBops, nas BesKoro x'

X x=>f(x )~ f(x), (1
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rae 3anuch oa=P o3Hauaer GECKOHEYHyl0 GJAH30CTh uHCen
o u P. TMockonbKy no ycnoBuio ¢yHKUMA [ HenpephiBHA B
Kaxka0il Touke x, To (1) BBINOJHAETCS AJA BCEX X M BCeX X'
Takum 06pa3oM, GeckoHeuHas GJM30CTb JIIOGBIX ABYX apry-
MEHTOB BJIeYeT 3a co00il GecKoHeuHylo O/IH30CTh 3HAYEHHH
dYHKUMH, @ 3TO H O3HayaeT PaBHOMEPHYIO HENpEepBIBHOCTB.

Mpumep 5. TloctpoeHne HEH3MEPHMOrO MHOXECTBA.
Kax1oe neficTBHTENbHOE YHCJIO X, YAOBJETBOPSIOLEee HepaBeH-
ctBy 0 < x < 1, pasnaraev B 6eCKOHEYHYI NBOHYHYIO APOOb;
s obecrieyeHHs] OZHO3HAYHOCTH 3ampellaeM pas/IOXKeHHs C
GECKOHEYHBIM YHCJIOM HAYUIHX noipsi eauHHl. @HKCHpyeM
npou3BoJibHOe GeCKOHeYHO 60JIblIOe HAaTypanbHOE YHCIO V
u oT6HpaeM Te AEHCTBHTEJbHBbIE YHC/IA, Y KOTOPBIX V- uneH
pasJioKeHHS! paBeH eIHHHIle; MHOXECTBO BCeX OTOOpaHHBIX
TakUM 0o0pa3oM NeHACTBHTE/IbHBIX 4YHCeJa Heu3MepuMmo no Jle-
Gery.

[Tpumep 6. PasnoxeHne cuHyca B GeckoHeyHOE€ Npo-
usBesenre. OTnpaBasiicb OT paBEeHCTBA

e =(1+4), @

rae [ o3Hayaer GecKOHeYHO 6oJibllioe YHCJIO» (OT JIATHHCKOro
infinitus, 4To 3HaYMT «OeCKOHEUHRIH»; He MyTaTh ¢ 06O3Haye-
HHEM MHHMOH €AHHHMUBI, MPOHCXOASMIUM OT JIATHHCKOrO Xe
imaginarius — «BOOGpPaXKaeMbIi»), «PacCMOTPHM BbIpaXKEHHE

ex—e—x=( 1+-’;—)‘_( _4)‘». ®)

Hanee ucnoabsyeM NeJHMOCTb IAByY/leHa a"—z" Ha Tpex-
wleHbl BHIA a®*—2az cos(2kn/n)-+2%, npuuem nonaraem, a=
=(14+x/i), z=(1—x/i). «Tak Kak ayra 2kn/i 6eCKOHeYHO Ma-
Jna,

2k 242
COS'.—II:l—-TnzD. (4)

x2
[Nostomy «dynKuHsA e*—e=* GyneT Aenntbes Ha |+ —fama —
x2 x?
—™3, Tle WIeH —73~ MOXeT ObIThb onylleH 6e3 onaceHus!, noTo-
My YTO JiaXke 0C/ie YMHOXEHHS Ha { OH OCTaHeTCs GECKOHEYHO
maabiM. Kpome Toro, nepBhiit MHOXHTENL GyaeT paseH x.

BenencTeie 3T1Oro nocsie  pacnosioXeHHsi 3THX MHOXHTeJed
no nopsaky 6yner
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= 12 ) (1) (1 o) (1 ) ( 1+ )
H T. I » 5)

Jlenas B Toxnectse (5) NOACTAHOBKY X == V=1, noJiyyaem
OKOHYaTe/IbHO

sinz:z( —%—)(1—4—2;,—)(1—9—21:?).. (6)

CTylneHT-MaTeMaTHK, OTBET KOTOPOro Ha 3K3aMeHe Mo Ma-
TeMaTHYECKOMY aHaJH3y cojepxkasi Obl nepeckas Jso6oro H3
M3JIOXKEHHBbIX NpHMEPOB, Halo AyMmarb, MOJYYHJ Obl JBOHKY.
OpHako cnoco6 BBLIYMC/IEHHS MPOH3BOAHOH, NPHMEHEHHbIH B
npumepax 1 u 2, 3auMcTBOBaH W3 § 7 ri. 2 KHUrH MapTHHa
Iesuca «[IpuknanHoil nectrawaaptHblii ananus» [3], npumepst
4 ¥ 5 npsaMo 3aMMCTBOBaHbLI H3 TOH e KHHTH (Teopema 5.8
u3 §9 rn. 2), a onpesneneHue uHTerpasna B3sITO (C HECYLIECT-
BEHHbIMH H3MeHeHHsIMH) H3 KHHrH Keiicnepa «OnemeHTapHBbIH
ananu3» [27]. Tpumep 6 Bocnpou3BOAMT paccyxieHHs Jiine-
pa, conepxauuecs B § 155—158 nepBoro TomMa €ro COYHHEHHS
«Introductio in Analysin infinitorum», ony6inkoBaHHOrO
B 1748 r. (pycckuii nepeBox c JatuHckoro cM. B [9]). Teker,
B3ATHIA NpPH H3JI0XKeHHH NMpHMepa 6 B KaBbl4KH, MPHHALJIEKHT
HemocpeACTBeHHO Jiinepy; 3akJjiountesnbHas ¢opmynaa (6)
ecTb 3HaMeHHTasi ¢opMyJa Diiiepa Qs CHHYycCa, BepHas NpH
JI060OM KOMIJIEKCHOM 2.

Ecan npumepbt 1 W 2 XOTSt H MOTYT ILOKHpPOBaTb Hac Ha-
HBHOH HeCTpPOrocTblo, HO BCE e B H3BECTHOH Mepe COOTBET-
CTBYIOT HHTYHIMH, TO NpuMep 4 NPOTHBOPEUYHT Ha MNepBbIi
B3[VI1] HMEHHO 31pPaBOMY CMBIC/IY: OCTaeTcs HENOHSTHBIM,
NoYeMy MpoOBEeJlIeHHOEe pacCyX<JeHHe Hesb3s NMPHMEHHTb HE K
OTpe3Ky, a, CKaxeM, K HMHTepBany, IJs KOTOpOro, Kak H3-
BECTHO, TeopeMa O paBHOMEpHOH HenpephIBHOCTH HeBepHa.
[Mpumepbt 3 U 6 (eciH He 3HATh, YTO MOCJEAHHIH NMPHHALNENKHT
Diiepy) npousBogAT elle GoJiee CTpaHHOE BreyaT/EHHe,
a npuMep 5 mnpeacTaBasercd NpoCTo-Hampocto abpaka-
nabpoii.

HeecrannapThelii aHaau3, oJHaKo, MOYTH CHJIOLIb COCTOHT
M3 nonoGHo# «abpakanaOpbl», HMeloUled B HeM TOYHBLIA Mare-
MaTHYecKHH cmbici. OH NO3BOJISA€T, B YaCTHOCTH, C HOBOW
TOYKH 3DEHHS NOCMOTPETb Ha MHOTHE pacCyXAEHHS KJacCH-
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KOB MaTeMaTHYeCKOro aHa/n3a, KaXylIHecs HeCTPOTHMH, HO
NpHBOAALLME K YCNeXy, H NYyTeM OTHOCHTEIBHO HeGOJbLLIHX
yTouHeHHil CAeaTh HX YAOBJETBOPAIOUMMH COBPEMEHHLIM
KPHTEPHAM CTPOTOCTH.

§ 2. UTO TAKOE BECKOHEYHO MAIJIbIE?

[lepBoe, YTO HYKHO YTOYHHTb B MPHUBEAEHHBIX B NpPEABIAYLLEM
naparpade «HeCTaHJapTHBIX» PacCyXXAEHHAX, — 3TO MOHATHE
6eckoHeyHo Manoifl BeanunHbl. OAMH M3 HauboJee NPHHIH-
NHaJIbHbIX MOMEHTOB HECTaHIapTHOrO aHa/jH3a COCTOHT B TOM,
4yTO GECKOHEYHO MaJjible pacCMaTPHBAIOTCA He KaK NepeMeHHble
BeJIHYHHBL (T. €. He Kak (YHKUHH, CTpeMsIlHecs K HYJMd, —
KaK YyyaT Hac coBpeMeHHble Yy4Ye6HHKH), a KaK BeJHYHHBI
MOCTOSIHHbIE. YMECTHO OTMETHTb, YTO TaKOH MOAXOJ XOpOLIO
corjiacyercss Kak C HHTYHLHeH eCTeCTBOHCNBbITaTe/sl, TaK H C
peanbHOll HCTOpHeH 3apoXIEHHS MareMaTHYeCKOro aHaJ/H3a.
Uro kacaeTcsi HMHTYHLHH, TO JAOCTATOYHO pacKphITh 060
yueGHUK (H3HKH, YTOObl HAaTOJNKHYTbCSA Ha GECKOHEYHO MaJble
NpHpalleHHs, 6eCKOHeYHO Masble o6beMbl H T. M. Bce 3TH Be-
JIMYHHBI MBIC/IATCA, pa3ymeercsd, He KaK I[epeMeHHble, a
NpPOCTO KaK OYeHb MaJleHbKHe, MOYTH paBHbIe HYJIO. Bbio 6bl
HeNnpaBH/bHBIM CYHTaTh NOAOGHOrO poja HHTYHLHIO MNpHCY-
el JHWb aBTOpaM yuyeGHHKOB (U3HKH. Bpsan su Kakoii-To
MareMaTHK BOCNpHHHMaeT (HarJsiiHO) 3JeMeHT AyrH ds HHa-
ye, ueM «oueHb MaseHbKYI0 Ayry». JIio6o# MaTeMaTHK, COCTaB-
JAsl COOTBETCTBYlollee AH(pdepeHLHaNbHOE ypaBHEHHe, cKa-
XKeT, yTo 3a GecKoHeyHo MaJjloe BpeMsi df Touka npoiuna Gec-
KOHEYHO MaJsblii MyThb dX, a KOJHYECTBO PaJHOAaKTHBHOTO Be-
IleCTBa H3MEHHJOCb Ha OeCKOHeYHO Maaylo BelHYHHY dN.

Uro ke KacaeTcsi HCTOPDHH MaTeMaTHYeCKOro aHa/lu3a, TO
B Haubosiee sIBHOH (opme H3/araeMblii MoAXol NpOsBUJICA Yy
OJIHOrO H3 OCHOBOMNOJIOXXHHKOB 3TOH HaykH — JlefiGHHLA.
Ckopo — B Mae 1984 r. — ucnonuurca 300 et c Toro aHs,
KaK CHMBOJIbI dX H dy BnepBble MOSIBUJIMCh HAa CTPAHHLAX MaTe-
MaTHYeCKHX MyOnHKauWi, a MMEHHO B 3HaMEHHTOM MeMyape
Jleii6unua «Hosriit Metoa...» [5]. Hmenno Jleii6Hui ﬂCH%Té_“
APYrHX oulyllan 6eCKOHEYHO MaJible BEJHYHHBI MOCTOSTHHBIMH
(xoTA M BOOGpaxKaeMbIMH, HIeaJbHbIMH) BeJHYMHaMH 0COGOr0
poaa, HumeHHO JIEHGHHL copMy/nHpOBan NpaBHaa ONepHpo-
BaHHA C 6ECKOHEYHO Ma/biIMH B BHJE MCUHCJEHHS.

Hrak, peub 6yneT HATH 0 GeCKOHEUHO MaJbIX 4HCJIaX.
Kakoe ke uucio crnenyeT HasbiBaTb GECKOHEYHO MaJbIM?
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llonowumensresie yucaa

N ke

Puc.g

0 €
. s

[lonomumensHole qucra
Puc. 2

Bo-nepBbix, KoHeuHo, HyJab! Ho 3T0 He nHTepecHo — HHTepec-
HO HalTH GeCKOHEUHO MaJsloe YMCJ/O, He paBHOe HYJIo (HampH-
Mep, NosloXHTelbHOe). Kakue nosoxuTeNbHbIE YHCIA Clefy-
€T Has3blBaTb OECKOHEYHO MaJIbIMH?

[lepBblit — caMblii HaUBHBI — OTBET TaKOB: MOJIOXHTENb-
HOE YHCJIO € Ha3biBaeTcd GECKOHEYHO MaJlbiM, €CJIH OHO MeHblle
BCEX MOJIOXHTEJNbHBIX uHcesa (pHC. 2).

Jlerko mnoHATb, OJHAaKO, YTO TaKOro He GbIBAaeT: eCH &
6oJibllIe HYJIS, TO OHO SIBJSIETCS] OAHHM M3 MOJIOXKHTEJNbHbIX 4H-
ceJ, MOSTOMY Halle omnpefesneHHe TpeGyeT, yToGbl YHCJIO €
6o MeHblue camoro ce6si. IloneiTaeMcs HenpaBHTb NOMOXKe-
HHe, nortpe6oBaB, uTOObl & OblIO MEHbIlE BCeX NP YT H X
N0JI0XKHTEJIbHBIX YHCeJ, HO GoJiblle HYJs, T. €. YToObl & OblJIO
HaHMEHbIUHM B MHOXECTBE MOJNIOXHTENbHBIX yHcea. Ha yucio-
BOH OCH TaKoe € JO/XXKHO M300pa3HTbCA CaMoOH JieBOH TOYKOH
muoxectsa ]0, + ool (puc. 3). 3ro «ompeneseHnes GecKoHeYHO
MaJIoro 4WcJa 4acTo MNPHBOAAT IUKOJAbHHKH, TOJBKO YTO Ha-
yaBllMe€ H3YyyaTb MartemMaTHYecKHii aHaniu3. K coxaneHuio,,
YHC/Ia € C YKa3aHHBIMH CBOHCTBaMH TOXe HeT U ObITb He MO-
XeT: yHCJo &/2 GYAeT MOJIOXKHUTENbHBIM YHCJOM, MEHBILUHM €.
(CornacHo OGBIYHBIM CBOMCTBaM HEpPaBEeHCTB A/  BCAKOroO
a>0 spinosHsiorcs HepaBeHcTBa 0<<a/2<<a.) Tak urto ecau
MBI He XOTHM OTKa3blBaTbCsl OT MPHBHIYHBIX HaM CBOHCTB Zeii-
CTBHTEJbHBIX 4YHCeN (HanpuMmep, OT BO3MOXHOCTH pa3fesHThb
JIIQf0e YHC/IO HAa 2 UM OT BO3MOXHOCTH YMHOXHTD JIFOGO€ He-
P3BEHCTBO Ha MOJIOKHTEJIBHO® YHCJIO), HO XOTHM HMeTb Gecko-
HEYHO MaJible YHCJa, TO NPHBEAEHHOE onpelesneHHe GeCKOHey-
HOH MaJloCTH He TOIHTCA.

Bonee wu3oupeHHoe onpenesnenne GecKOHEUHOH MaJOCTH
yucna €0, kotopoe MBI M GYAeM HCMNOJIbL30BaTh B AajbHeH-
weM, TakoBo. ByneM cKJaabiBaTh uHCIO & C caMHM coGoii,
nonyvas yucna e, e-+¢, e-+e-te, e+e-+ete u 1. 1. Ecan Bce
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Puc. ¢

<+

Puc. 5

noJlyyeHHbIE YHC/Ia OKaxKyTcs MeHblre 1, To yneno & u Oyner
Ha3biBaTbcl GeCKOHEYHO ManbiM. JIpyrHMH CJIOBaMH, €CJIH &
6eCKOHEYHO MaJlo, TO CKOJIbKO pa3 HH OTKJaahlBail OTpe3oK
JVIMHBI & BAOJb OTpe3Ka AJMuHBl 1, 10 KOHUa He Roilzellb
(puc. 4). Hame TpeGoBaHHe K OGCKOHEYHO MaloMy - &€ MOXIIO
nepenucath U B Takoil ¢opme (10JennB Ha &)

1 1 1

<, 1< —, l+l+l<?,...

Takum ofpa3som, ecnu yucao e GeCKOHEYHO MaJso, TO YMC-
Jo 1/e 6eCKOHEYHO BENHKO B TOM CMBIC/IE, YTO OHO GoJiblile
Jwoboro u3 uucen: 1, 1+1, 14141, 1414141 u 1. I
Tak uyTo ecau Mbl HayHeM H3MepsiTb OTPe30K AJHHOH /e ¢
MOMOLUBIO 3TaJOHA AJMHHBL (T. €. OTKJaAbiBas MOCJeNOBaTe/b-
HO OTPE3KH eIMHHYHOII ANIHHBI), TO Nnpouecca H3MepeHHs HH-
Korja He 3aKoHYnM. M3 cka3aHHOro MOXHO BHIETb, YTO CY-
LeCTBOBaHHe 6eCKOIIeYHO MaJIbiX NPOTHBOPEUHT TaK Ha3blBa-
emMoi akcuome ApxuMena, KoTopasi yTBEPXKAaeT, 4To AJs Jio-
6bIX IBYX OTpPe3KOB A H B M0XHO OTJIOXKHTb MEHbLIMH U3 HHX
(A) cTonbKo pas, 4ToGbl B CyMMe MOJYYHTb OTPE30K, MPEBOC-
XoAAWHKi no AnuHe Goablunii otpesok (B). (Ha puc. 5 norpe-
GoBa/och OT/IOXHTb oTpesok A 4 pasa.)

[NpuBenennas ¢opMy/JHPOBKA KacaeTcs OTPE3KOB; ec/H
CYHTaTh (KaK 3TO OOBbIYHO [e/1aeTcsi), YTO IJIHHBI OTPE3KOB
ABJIAIOTCA YHCIaMH, Mbl MPHXOAHM K TaKoH (opMy/HpPOBKe:
Aas mobblX ABYX uyucen a u b, ans Kotophix 0<<a<<b, omnio-
U3 HepaBeHCTB a-+a>>b, a-ta-+a>b,... o6A3aTenbHO BHINOJ-
HeHo. B nanbhueiiiem, rosopsi 06 akcuome ApxHMesna, Mbl
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6yleM HMeTb B BHIY HMEHHO 3TY (opMYJHPOBKY. M3 Hee
BHAHO, YTO B MHOXXECTBe JeHCTBHTENIbHBIX uucen (rae 3Ta
aKCHOMa BBIMOJIHAETCA) (ECKOHEYHO MaJsblX HeT: 4ToObl yGe-
JHTbCSI B 3TOM, JOCTAaTOYHO MOJOXHTb a=¢, b=1. [NoustHo,
YTO Ha CaMOM Jie/ie akcHoMa ApXHMela paBHOCHJIbHA yTBEpkKAe-
HHIO 00 OTCYTCTBHH GECKOHEYHO MaJIbiX 3JIEMEHTOB, He paB-
HBIX HY.JIIO.

BriBos M3 Bcero ckasaHHOro TaKOB: €CJIH Mbl XOTHM pac-
CMaTpHBaTh GECKOHEYHO MaJible, Mbl JOJ/DKHBI PacIIHPHTb MHO-
wecTBO R feficTBUTENBHBIX 4YHCeN IO HEKOTOPOro 6oJibliero
MHOXecTBa * R. DeMeHTHI 3TOr0 HOBOro MHOXKECTBa Mbl GyneM
Ha3blBaTb THNEpAEHCTBUTENbHBIMH yHCIaMH. B Hem akchoma
ApxuMeaa He BBINOMHAETCA H CYWIECTBYIOT GECKOHEUHO MaJjbie
(B cMBIC/Ie MOC/IEHErO ONpejieseHHs) YHC1a, TaKHe, YTO CKOJIb-
KO HX HH CKMajbiBall ¢ coGoi, cymMa GyIeT Bce BpeMsi OCTa-
BaThcs MeHblue 1. [Tolo6HO ToMy Kak OObIYHBIH (HIH CTaH AapT-
Hblfl, WIH apXHMENOB) MaTeMaTHUeCKHH aHa/lH3 3aHHMaeTcH
H3y4YeHHeM MHOMECTBA AeHCTBHTEJNbHBIX uHcea R, HecTaHAapt-
Hblff, WM HEapXHMeNOB, aHa/NH3 H3y4yaeT MHOXKECTBO THmep-
JOeACTBHTeNbHBIX yYucen *R.

Kakne Tpe6oBaHHs €CTeCTBEHHO MNpPEABABIATL K THnep-
AefCTBHTE/NIbHBIM YHCJIaM?

[Ipexae Bcero Mbl XOTHM, YTOObI MHOXECTBO THmepJefi-
CTBHTEJIbHBIX YHCEJT COAEpXKaJio Bce OGLIKHOBEHHble NefiCTBH-
TeJbHble yHceaa: R&*R. MBI XOoTHM Takke, 4ToObl Haj rumep-
JEeHCTBUTENbHBIMH YHCJIAaMH MOXHO OBbUIO BBINONHATb OOBIY-
Hble ornepauMH: Jobble 1Ba rMnepieHCTBUTEIbHbBIE YHC/A HYX-
HO yMeTb CKJajbiBaTb, YMHOXaTb, BBIYHTATb H JEJHTb, NpH-
yeM TaK, YTOObl BBIMOJHAJNHCh OObIYHbIE CBOHCTBA CJIOXKEHHSA
H yMHOXeHHs (Hanpumep, a-b JAOMKHO paBHATbCA b+a
IS JIIOGbIX THNepAeHCTBHTENbHBIX uyucen a H b). Kpome
TOro, HYXHO yMeTb CPaBHHBaTb I'HNepAeHCTBHTE/IbHbIE YHCJA
Mo BeJIHUHHE, T. €, yMeTb 1JIsl JIOGBIX Pas3iHYHBIX rHnepaeHcT-
BHTE/]IbHBIX YHCEN @ W b peluuTb, Kakoe M3 HHX GoJblle.

Bce nepeuncsieHHble TpeGOBaHHSI MOXXHO KpaTko cdopmy-
JIMPOBaTh Tak: * R 10/KHO GBITh HeapXHMEJOBbIM yNOpsA0YeH-
HBIM moJieM, siBasowiumcst paciunpeddeM nojsi R. Tloschum
CJI0Ba, BXOAfAlLIME B MNOCJHefHIO (pasy.

[TycTb umeeTcsi HEKOTOPOE MHOXeCTBO P, B HeM BbIAE/IEHb!
HeKoTopble 3neMeHThl 0 H | M onpeleneHbl onepauuH CJIOXKe-
HUsl, BLIYUTAHHA, YMHOXEHHUS M JeNeHus, CTaBsilllHe B COOT-
BETCTBHE JIIOOBIM 1BYM 3j1eMeHTaM a H b MHOXecTBa P HX
cymmy a-+b, npoussederue a-b, pasnocms a—b n (ecnn b£0)
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aacmnoe a/b. TlycTb npu 3TOM NepeyHc/eHHble onepauuH 06-
NajaloT BCeMH OOBbIYHBIMH cBoficTBamMH. Mmenno nycTb

(1) a+b=b+a;

2) a+(b+o)=(@+b)+c

(3) a+0=a;

4) a+(b—a)="b;

() a-b=b-q;

(6) a-(b-¢c)=(a-b)-c;

(7) a-1=q;

8) a-(b+c)=a-b+a-c;

9) a-(b/a)y=>b (ecnu a+=0).

B Takom ciyyae MHOXeCcTBO P (C BBeleHHBIMH OlNepaLHsIMH)
HasbiBaeTcsi nosem. (Ecav He Tpe6oBaTh Ha/lHM4HA JeJeHHS H
HCKJIIOUHTbh CBSI3aHHOE C HHUM CBOHCTBO (9), MBI NMPHXOLHM K
MOHSITHIO KOJIbLlA, TOUHEE, KOMMYMAMUBHO20 KOAbya ¢ eOuHU-
yei.)

[Tyctb Ha mose P BBeleH MOPSNOK, T. €. AJs JIOGOH mapbl
He paBHBIX APYT APYTY 3JEMEHTOB a H b omnpefesneHo, KOTOpbIi
u3 Hux Gosbie. (Ecnu  a Goabiue b, Mbl 6yneM nmucatb a>b
wm b<<a.) IlycTb npH 3TOM BBIMOJNHSAIOTCA TaKHe CBOHCTBA:

(10) ecoin a<<b u b<<c, 10 a<c;

(11) ecmu a<<b, 10 a+c<<b+c ans mawboro c;

(12) ecu a<<h, ¢>0, 10 a-c<b-c;

ecaH a<<b, ¢<<0, To a-c>b-c.

B TakoM ciyuae roBopsiT, YTO BBeJEHHbIH MOPSAAOK Mpe-
Bpauiaer P B ynopadouenHoe noze.

Ecan 3ananHbli Ha noJjie P nopsjioK YIOBIETBOPSIET aKCH-
oMe Apxumena, T.e. Anas Jmobbix a, bEP, ans Kortopbix 0<<
<<a<<b, BbIMOJIHSETCH OAHO W3 HepaBeHCTB a-+a>>b, a+a+
+a>b,..., To ynopsiioueHHoe nose P Ha3biBaeTCs apXHMENO-
BbIM; B NMPOTHBHOM C/yyae nose P Ha3biBaeTca Hga eZl0-
BEiM. Kak yxe ynomunanoch, ynopsaouennoe nofe P siBiser-
Cst"HeapXHMENOBbIM TOTAA H TOJNIBKO TOrAa, KOTAa B HeM eCTh
NOJIOXKHTE/IbHBIE GeCKOHeYHO MaJjibie 3jeMeHThl. HanoMHuM,
YTO 3/7eMeHT €>0 ynopsijoYeHHOro noJisi Ha3biBaeTcsi GecKo-
HEYHO MaJbiM, ecsH Jiobas U3 cyMMm e+-¢€, ete+e,... He mpe-
BocxoauT 1. HakoHeu, ynopsinoueHHoe nose P Ha3biBaeTcH’
WM noas AefCTBUTeJbHBIX uHcen R, ecan P €o0-

DXXHT Bce JeiicTBHTesNbHble 4YHcaa (T.e. RcP) u, kpome
TOrO, OonepauHH H MopsiloK H3 P, paccMaTpHBaeMble Ha 3Je-
MeHTax H3 R, coBmagalT c¢ OObIYHBIMH apH(METHYECKHMH
onepauHsMH H OObIYHBIM MOPSAAKOM Ha JeHCTBHUTENbHBIX YMC-
Jax.
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HMrak, nanoMHHaeM, Mbl XejlaeM paccMaTpuBaTb GeCKOHeu-
HO MaJlble BeJHYHHbI, a VIS 3TOTO XOTHM MOCTPOHTb HeapXH-
MEN0BO YMOPAJOYEHHOE Mose, sBJsioLleecss pacliHpeHHeM
nonst R aefcTBHTENBHBIX YHCel.

OTHM He OrpaHHYHBAIOTCA TPeGOBaHHsA, MNpenbsiBlseMble
Hamu (Bcied 3a AGpaxamom Po6HHCOHOM) K rHnepleHcTBH-
TeJIbHOH 4HC/I0BOH cucTeme. Ho mpexxae yeM roBopHTb O Apy-
THX Tpe6OBaHHAX, MOKaXKeM, KaKkuM 06pasoM MOXKHO YAOBJeT-
BOPHUTb XOTA1 Obl yxe cGopMYy/HPOBAHHBLIM TPEOOBAHHSAM.

§ 3. NPUMEP HEAPXUMEAOBOM YMUCIIOBOM
CHUCTEMbI

MbI XOTHM MOCTPOMTL MpHMep YHCJIOBOI CHCTEMbI, YAOBJIETBO-
psiioleit ynoMsiHyThiM B §1 TpeGoBaHusIM K THnepAeHCTBH-
TeJbHbIM YHC/IaM. ToyHee, MBI XOTHM [OCTPOHTb NMpPHMep He-
apXHMeloBa YNOPSIAOYEHHOTO NOJsi, SABJSAIOIIErocs pacuiupe-
HHEeM noJisi JefiICTBUTENIbHBIX WYHCes.

HauneM ¢ aHanM3a: npeanoJsioKHM, YTO HCKOMOE pacluH-
penue * R yxe nocTpoeHo, H HccaelyeM ero cTpoeHHe. dieMeH-
Thl MHOXecTBa* R Mbl 6y/ileM Ha3biBaTh runepiefcTBHTENbHBIMH
yucnami, CpefH HHX, B YaCTHOCTH, COZiepXKaTcs H Bce AeHCTBH-
TeslbHble 4YHcaa. YUToObl OTJAMYHTD HX OT TeX rHnepleiCTBH-
TEeJbHBIX 4YHCeJ, KOTOpble He SBJSIOTCA AeHCTBHTEJNbHBIMH,
6yneM Ha3biBaTb AeHCTBHUTeJbHble yHcaa (3n1eMeHTH R) cman-
Japmubimu, a OCTalbHble THNepieHCTBUTENbHbIE YHCJIA (3Je-
meHTbl *R/R) — necrmandapmneinu.

[To Hawemy npeanoJsioxeHuto, none *R colepxuT 6ecko-
HEYHO MaJible YHCsa, He paBHble HyJ0. [TocKonbKy paHbLie
Mbl TOBOPHJH O GeCKOHeWHOH MaJIoCTH B pa3HbIX CMbICJaX
(mpHYeM TQJIBKO AJIS MOJIOXKHTENbHBIX UHCeT), MNpHBEJEM
TOYHOe omnpenesieHHe GecKoHeyHo# MaJsoctH. I'mnepaeiicTsH-
TeJbHOE YHCJIO X HasbiBaeTcss GeCKOHEUHO MaJjbiM, €C/IH Bee
CYMMBI

el Ixl, el x|+ Del, lel4 i+ x|+ x] noTon

menbuie 1. 31ech yepes |x| o603HaueH Moay./b rHnepaeiicTBHU-
TeABHOT'O YHCJIA X, ONpefessieMblil Tak:

x, ecan x > 0;
—x, ecau x<<0.

OrMmeTHM, YTO CTaHAapTHOe uHcao () TakkKe OKa3biBaercs,
COrJIaCHO 3TOMY omnpejejeHHto, GeckoneyHo MaabiM. Ho Bce
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oCTa/bHbIe (OTJIHUHbIE OT HY/s1) GRCKOHEYHO MaJible YHcaa He
MoryT GObITb CTaHIApPTHBIMH. DTO CJEAYeT M3 TOro, 4To AAf
CTaHAApTHLIX 4YHce] CnpaBeAIHBa akcHoma Apxumena.

[MonbiTaeMcss pa3oOpaTbcs B YCTPOHCTBE CHCTEMbI THIep-
NEHCTBHTEJbHBIX uucea 6onee noxpoGuo. Herpyano Buaets,
yTO J11060€ MONOKHTENbHOE GECKOHEYHO MaJsIoe YHCJIO € MeHblie
N1060r0 CTAaHAApTHOrO MNOMOXKHTeJAbHOro uyHcaa a. [lokaxem
sto. B camom gene, mycth ¢>a. Tak Kak a cTaHlapTHO, TO
MOXXHO HaiiTH TaKkoe HaTypajbHOE YMCIO N, UTO

ata+t+---+a > 1.
n pa3

Ho Torzna

e +e > ata+ +a > 1,
n pas n pas

YTO MPOTHBOPEYHT GecKoHeyHO# ManocTH &. [loayueHnoe mpo-
THBOPEUYHE MoKa3biBaeT, yTo £<<a. Mrak, GeckoHeuHO Manble
MOJIOXKHTEJIbHbIE YHC/Ia MeHblue JI060ro M3 CTaHJApTHBIX Io-
JIOXKHTEJIbHBIX YHCeI.

Hapsiny ¢ GeckoHeuHo ManbiMH B nose *R cylecTByior H
GeckoHeuHO OGoJsblive. Mbl HasbiBaeM runepiedCcTBUTebHOE
yueso A GeckoHeyHo GOJIbLUHM, €C/H

A|>1, |[A|>14+1, |JA|>14+14+1 u 1. 8.

Jlerko nokasatbh (N0 CyLIeCTBY, MBI 3TO ceqand B § 1),
YTO ec/ii € GECKOHEYHO Majlo, HO OTJIHYHO OT HYJs, TO YHCJIO
A=1/e GeckoneyHo BenuKo. (OroBOpKa «OTJIHYHO OT HYJs»
Ba)KHa, Belb a/b onpeneneHo (COrVIaCHO OMpenesIeHHIO MO.1s1)
TONbKO NpH b5£0; B HecTaHZAapTHOM aHajH3e, KaK M B CTal-
NapTHOM, Ha HyJb AeqHTb Henb3si!) BepHo u oGpaTHoe: ecau
yucao A GecKOHEUHO BeJHKO, To yucio €=1/A GeckoHeullo
mano. Otciona cienyer, YTO 8ce OeCKOHedHO Goabluue 4ucaa
Hecmandapmubl: ecan 6bl GecKoHeyHo Gouibiioe uncao A Gbiso
CTaH1apTHBIM, TO uucao /A Gbuio Gbl GECKOHEYHO MalbiM
CTanlapTHbIM M HE PaBHLIM HYJIO YHCJIOM, YTO HEBO3MOXHO.
Bonee Toro, HeTpynHO 10Ka3aTh, YTO J0GOE MONOMKHTENbHOE
GeckoHeuHO G6oJibllioe YHCIO GOoJbllie BCeX CTaHAapTHbIX, a
Jo6oe OTpHLATENbHOE — MEHbILE.

I'uneppeficTBUTEeNIbHbIE YHC/A, He siBAsioULHecss GeCKOHey-
HO GOJIbIIMMH, HA3bIBAIOTCA KOHe4Hbimu. PaBHOCHIbHOE ompe-
JleJieHHe: rHnepAeiCcTBUTENbHOE YHC/I0 @ KOHeUHO, ecad |a|<?
IJIS HEKOTOPOro CTaHaapTHoro uyucaa {. B pesyabrare nouay-
yaeM TakKyl0 KapTuHy (puc. 6).
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HOIE qycaa qucaa
Puc. 6

INoroBopHM Tenepb 0 CTPOEHHH KOHEUHBIX TIHMepAeHCTBH-
TeJIbHbIX 4Hces GoJiee noapoobIo.

OkasbiBaeTcs, YTO Kaxjoe KOHeYHoe runepleifiCTBHTE/bHOe
YHCJIO @ MOXKHO MpeACTaBHTb B Biie b+te, rae b — cranjapr-
Hoe 4Hucao, a. & — GeckoHedHo Masoe. (daauM Ha6pocok no-
KaszartejabcTBa. [lycTh a — KOHeyHoe rHnepAefCTBHTENbHOE
yucno. PasobbeM feficTBHTeNbHBIE YHCJIAa Ha JBa KJjacca:
MeHblIHe a u GosbluHe a. Tak Kak a KOHeyHo, To o6a KJacca
nenyctobl. 1o «akcHoMe MOJHOTBI» CYLIECTBYeT AefiCTBHTeNbHOE
4ucao b, pasgensiiowiee 3TH Kiaacchl. Jlerko BHIAeTb, YTO &=
=aq—b Gyaer 6eCKOHEYHO MaJIbIM THMEpAeHCTBHTENbHBIM YHC-
joM.) Uucno b HasbiBaeTcsi CTaHAAapTHON YacCTbiO KOHEYHOTo
runepaeicTBuTesqbHOro uyucna a. OG6o3Hayaetcss 3TO TakK:
b=st(a). Taxum 06pa3oM, MHOXKECTBO KOHEUYHBIX TrHmepueil-
CTBHTEJbHBIX YHCeJ pa30uBaeTcsl Ha Kiaacchl. B kakawlit knace
BXOIHT KaKoe-TO CTaHAapTHOE YHCJIO b H Bce GECKOHEUHO Gan3-
KHe K Hemy. (Uucna x u y Geckoneuto 6ausku, ecnu y—x Gec-
KOHEYHO MaJslo.) ITH KJIacChl Ha3biBalOTCA (M3 YBaXKeHHS
K Jleli6Huuy) monadamu: MOHaNOH CTaHAapTHOro uHciaa b
Ha3biBaeTC MHOJXKECTBO BCeX OeCKoHeuHo OJIM3KHX K HeMmy
THIIePACHCTBHTENbHBIX UYHCe.

Cpenn GecKOHEYHO MaJsIbiX BeJHYHH HMEIOTCS BeJNHYHHBI
pas/IHYHBIX «MOPSIAKOB MaJjocTH». $IcHO, HampHmep, 4TO
¢® — BenwuHHa 6oJsiee BLICOKOTO MOPSAKA MAJlOCTH, UYeM &
(a €® — ewe Gosee BhIcOKOro, yem €2). TouHoe onpeneseHHe
TaKoBO: 6eCKOHeYyHO MaJsioe uHciao O HMeeT 6onee BBICOKHH
NOPANOK MaloOCTH, ueM GeCKOHEYyHO MaJjloe €, €CJH MX OTHO-
weHue /e GeCKOHEUHO MaJIo.

O6cyAHB CTPYKTYpy HECTaHJAPTHOTO «MHKDOMHpa», CKa-
JKeM HeCKOJIbKO CJIOB H O CTPOEHHH HECTaHJAapPTHOTO «MaKpOMH-
pa» (MHpa 6eCKOHeyHO GOJIbIIHX THMEepAeACTBHTENbHBIX YHCeN).
HX MOXXHO pa3GuTb Ha KJacchl («rallakTHKH»), KaXKIAblil 3 KO-
TOPbIX YCTPOEH, MO0Z00HO MHOXECTBY BCEX KOHEUHBIX rHmep-
AeACTBUTEIbHBIX uiicen («Hawell [amakTtuke»). MMenHo nBa
rHNepAeHCTBUTENbHBIX YHC/AA a U b nonajaioor B OfHY TaNaKTH-
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Ky, €CJIH HX Pa3HOCTb b—a ABJIAETCS KOHEUHbIM JEHCTBHTE/b-
HbM uHcaoM. Kaxklasi ralakTHKa, Kak Mbl BHIenH, pa30HBa-
eTcsi Ha MOHajbl: [Ba YyHCJIa a H b oTHOCATCA K OLHOH MOHa-
ne, eciH b—a GeCKOHEYHO MaJlo.

Cpenu ranakTHK HeT HH caMOH GOJIbILOH, HH CaMOl MaJloH;
MeX ]y JIOObIMH ABYyMsl TaJJaKTHKaMH e€CTb GECKOHEYHO MHOro
ApPYTHX TalakTHK. (3TH (aKTbl A0Ka3bIBalOTCH CPaBHHTENbHO
HEC/I0XKHO, H Mbl He OyAeM MPHBOAHTb HX HOKa3aTeJbCTB.)
B sanbHeiiieM Mbl JOKa)keM aHaJlOTHYHbIE YTBEpXKIEHHH, OT-
HocsillHeCS] K TaK Ha3biBaeMbIM «GECKOHEuHO OGOJIbIIMM Ha-
TYpa/lbHbIM YHCJIaM».

[lepeiineM Tenepb K NOCTPOEHHIO NpHMepa CHCTEMbl TH-
nepAeACTBHTENbHBIX YHCeJ, YAOBJETBOPSAIOLLIEH BbICKa3aHHBIM
TpebGoBaHHAM, HJIH, 60s€e TOYHO, MpHMepa HeapXHMeL0Ba yno-
PSILOYEHHOrO MOJIsi, SIBJSIOLErOCsl paclUHpeHHeM mnoas Aei-
CTBHTEJIbHBIX uHces. DTO paciuupeHHe GyleT B onpefeseHHOM
CMBIC/IE MUHHUMANILHBIM: Mbl 106aBHM K J€ACTBHTENbHBIM YHCJIaM
TOJIBKO TO, Yero Hesab3si He H0GaBHTb.

[Tpexxpe Bcero Hy»KHO H0GaBHTb K HHM KaKoe-HHOYIb
6eckoHeyHo MaJjloe uHc1o €. Bynem cuurath (3TO0 Motpebyercs
HaM B JaJibHeilleM), YTO YHCJIO € MOJoXKHUTeNbHO. [Jo6aBuB &,
HaM npugerca AoGaBuTb M 2¢, 3e, €/2 W BooOlle Bce YHCNa
BHJA ae, Ife a — Ji00oe CTaHAapTHOE YHCJO, Belb Mbl XOTHM,
yTo6bl B *R Gbl1o onpefeneHo ymHoxeHHe! Ho u sroro ma-
JIO: HYXXHO H0GaBHTb H CTENEHH YHc/Ia € H HX KOMOHHALHH.
Takum o6pa3oM, B HaueMm I10le OKa3blBalOTC BCe YHCJIA
Buga Q(e), rae Q — MHOrowlieH C JAefiCTBUTEJbHBIMH KO03(-
(HUHeHTaMH (CTaHAApTHBIMH), a 3HAuHT, H Bce YacCTHble BH-
na Q(e)/T(e), rae Q U T — MHOrouJIeHbl C AEHCTBHTENbHBIMH
Ko3puuHentamu. [lopsagok Ha MHOXeCTBe TaKHX YacCTHBIX
O/HO3HAYHO oOnpejensieTcsi ycaoBHeM O6eCKOHEYHOH MaJIoCTH
yucaa e. TlosicHum sto Ha npuMepe. [lycTb MBI XOTHM cpas-
HHTb YHCJIA

1 4-¢? " 2 4¢3
l+e 2+ ¢€?

!} e?
W/, APDYTHMH C/OBaMH, CPaBHHTb HX Pa3sHOCTb T, —

2 4 ¢
T g ez C HyJEM. Bobluncasis 3ty pasHocTb 110 OGBIYHBIM

npaBHsiaM, MOJyYyaeM

(14€%) (24e%) — ((1 +¢) (24 ¢3) — 28 -} 382 — g3

(1+e)(2+e? (4 @2+ey
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BunHo, uTo HHTepecyiollasi HacC pa3HOCTb OTPHIATENbHA,
TaK KaK —2e OTPHLATENbHO, H YieHbl Gosiee BHICOKOTO MOPsij-
Ka (3e* u €%) He MOryT MOBJMATb HAa 3HAK CYyMMbl. 3HA4HT,
nepBoe 4YHCJIO MeHbllle BTOPOTO.

[Tocsie Bcero cka3aHHOro fiCHO, KaK HYXHO CTPOHTb HHTe-
pecylollHii Hac NpHMepP HeapXHMeNOBa pacCLIHPEHHs MNOJsA
NeHCTBHTENbHBIX 4YHced. MMeHHO, HYXHO B3fiTb CHMBOJ &
H paccMOTpeTb ¢opMasbHble BbipaxKeHHsl BHJA

Q) T(e),
rie Q u T — MHOrouneHbl C AeHCTBHTENbHBIMH KO3(HLHEH-
tamH. CymmMa M npoH3Be/leHHe TaKHX @OPMaJbHBIX BbIpake-
HHH onpele/siloTcs ecTecTBEHHbIM 06pasoM. (10 o6blyHas B
ajreépe KOHCTPYKUMS MOJISi PaUHOHANbHBIX QYHKUHH C KO3(-
¢uuuertamMu u3 R.) Octanoch TOMbKG OnpelesHTb, KOrAa ol-
HO ¢dopManbHOe BblpaxkeHHe a YKa3aHHOro Buia GoJiblle Apy-
roro BbIpaXeHHsl b TOro ke BHAA, HWJH, APYTHMH CJOBaMH,
KOTAa MX pa3HOCTb a—b mnoJioxuTeNbHA. 31O JeJsaeTcs Tak.
3uak Boipaxenus Q(e)/T(e) onpenensieTcsi 3HaKaMH Bblpax<e-
Huil Q(e) u T'(e) mo OGbIYHBIM MpaBHJIaM, a 3HAK BbIpParkeHHS

Q@e)=0a,+a,e+ae*+...+a,e"

COBMajaeT CO 3HAKOM '@, eclH ay%0; ecan a,=0, To 3HaK
Q(¢) coBmagaer co 3HakoM a; (ecau a,;5-0); ecan aq,=a,=0,
TO CO 3HAaKOM @, M T. .

Herpynso mnpoBepuTh, YTO OmMHcaHHasi KOHCTPYKUHSI Ha
caMoM Jiesie MPHBOAHT K LEJH — MOCTPOEHHIO HeapXHMeN0Ba
paciiupeHHsi noJs AeficTBHTeNbHBIX yucesn. Ha 3TtoM mpumepe
MOXXHO NMPOWJLIIOCTPUPOBATh BBeleHHbIe HaMH MOHATHSA. J{po6b

ay+ae+ ...+ ae”

bo+ bie 4 ... 4 byek
Gyler GeCKOHEYHO MaJsioii, €CJM MepBblii HeHyJeBOH KO3(h(H-
LHEHT a; B YHCJIHTENe pacroJioXKeH NpaBee, 4eM MepBbIH He-
HyJeBOH Ko3ddHuHeHT b, B 3HameHarese, T.e€. €CIH [>S.
Ecnn £<s, T0 oHa Gyzner GeckoHeuno Gosbluoii. Ecan xe ¢=s,
TO 1po6b OyZeT KOHEUYHBIM THNEepAEHCTBHTEIbHBIM YHCJIOM:
ero CTaHAapTHas YacTb pasHa a,/b,. Hanpumep,

. E2+42€3
e, &% —TIg ~— 0ECKOHEUHO Manble,

1 1 4-e
o » &8 2¢5 — OeCKoHeuHo GovibLune,

1+e e-}e?4ed .
T 2%, 2e4 4¢3 — KOHEUHbIe rHrepAeiCTBHTE/bHbIE YHCIIA

(cTaHzapTHas yacTb nepBoro pasHa 1, Broporo — 1/,):
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§ 4. UTO EWLE HYXHO OT BECKOHEYHO
MAJIbIX?

Hanoxennas B §3 mpoctas KOHCTPYKIHs HeapXHMeloBa
paciuiHpeHHsi Gbl1a, pa3ymeeTcsi, H3BECTHA 3aJ0JIr0 A0 CO3/a-
HHA HecTaHAapTHOro aHamusa. Yrto6bl MOHAThb, YEro B Hel
He XBaTaeT, MOCMOTPHM Ha mpuMmepbl H3 § 1 C TOYKH 3peHHst
3ToM KOHCTPYKUHH. [IprnMep | cTaloOBHTCH BMOJIHE KOPPEKT-
HBIM: HYXXHO CKa3aTb JHIIb, 4YTO NPOM3BOAHOH (YHKUHH
y=x* B CTaHJapTHO/ TOYKe X Ha3blBaeTCs CTaHAapTHasi yacTb
oTHouweHHs dy/dx. K coxajeHuio, yxe npo npumep 2 3Toro
CKa3aTb Hesb3si. [leso B TOM, Y4TO NPH BbIYHCJAEHHH MpHpa-

menuss dy=7V x+dx —V x HyXHO H3BIeKaTb KBajapaT-
HbIil KOpPeHb U3 rHNepAeHCTBHTENbHOTO YHCIa X+dx. A 3TOro Mbl
nenatb He ymeeM. (HeTpyaHo noka3arb, uro B MOCTPOEHHOM
HaMH pacUIMpeHHH MOMNPOCTY HET 3/1eMeHTa, KBaJApaT KOTOpOro
paBeH, Hanpumep, €.) Eile xyxe 06CTOAT Jesa ¢ TPETbHM NpH-
MepoM. B HeM HY2KHO BBIYHC/IUTb 3HAYeHHE MPOH3BOM b -
Ho 1 ¢yHKuuH f (omperesieHHON H3HAYa/JbHO TOJbKO B CTaH-
JAPTHBIX TOYKAX) B runepieHCTBHTEJNbHbIX Toukax a-tdx,
a+2dx u T. 1. KoHeuHo, ee MOXHO KaK-TO AOOMNpeAeNHTb B
HEeCTaHAapPTHbIX TOYKAX, HO eC/JIH Mbl XOTHM MOJYYHTb YTO-TO
pa3ymHOe, TO HYXHO, 4TOObl foonpeneneHHas QyHKIHA obna-
Jlajla TeMH e CBOHCTBaMH, YTO M HCXOfHasi. A Kak 310 cle-
JIaTb, HEMOHATHO (OCOGEHHO €c/]H yuecTb, YTO GYHKUMS f
MOXKeT ObITb NPOU3BOJNLHOH C JAEHCTBHTEJbHBIMH apryMeHTa-
MH M 3HaYeHHSIMH).

BosuuKkaiowmas cHTyallisi OKa3blBaeTcsi AOCTaroyHO oO6Liei
AN TOro, 4To6bl MOXKHO ObLJIO NPHUMEHSTb METOABl MaTeMaTH-
yecko# Jioruku. TpeGyemasi TeopeMa, a HMEHHO TaK Ha3biBae-
Masi «<TeopeMa KOMMaKTHOCTH» Obljla 10Ka3aHa COBETCKHM Mare-
marikoMm A. M. Manbuesbiv B 1936 r. [TocTpoeHue mosst ru-
nepaefCTBHTENbHBIX YHCEJ C MOMOUIbIO 3TOH TeopeMbl 06CYX-
naetcst B § %.Jlpyroit cnoco6 mocTpoeHHs MoJsi rHnepieicTBH-
TeJIbHBIX YHCes (TaKXKe 3aHMCTBOBAHHBI H3 MaTeMaTHYeCKoH
JIOTHKH) paccMmartpuBaerca B §6. A moka Mbl nocTapaemcs
O0BACHHTb, YTO [OJyyaeTcss B pe3yJ/bTaTe JIOGOro H3 3THX
NOCTPOEHHH.

[lpexkne Bcero Mbl mosnyyaemM HeapXHMeLOBO pacllHpeHHe
nons JeHCTBHUTeNbHBIX YHcesa. Kpome Toro, «kakaoMy oObek-
Ty CTaHAAapPTHOFO MHpa» (HeHCTBHTENILHOMY YHCJAY, MHOXECTBY
JeACTBHTENBbHBIX yHCeNa, QYHKUHH C JeHCTBHTENbHBIMH apry-
MEHTaMH W 3Ha4YeHHSMH, OMepauHH H T. AY) MNOCTaBJeH B CO-
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OTBETCTBHE €ro aHaMOr B «HeCTaHAapTHOM MmHupe». MmeHHO He-
CTaHJapTHBIM aHaJNOroM Jo6Oro (CTaHIapTHOro) AEeHCTBHUTENb-
HOro yMcJa siB/IsieTcst OHO caMo (HamomHuM, 4To R ecTh mog-
MHOXXecTBO MHOxecTBa *R); Jo6oMy noamHoxectBy A MHO-
XecTBa R coOTBeTCTByeT HeKOTOpoe MOAMHOXecTBO *A MHO-
xkectBa * R, Kaxknoit ¢yHKuHMH f u3 R B R cooTBeTCTBYET yHK-
‘uHsa *f u3 *R B *R, Kaxno# asymectHoH ¢yHKuuH g H3 R
B R (1. e. pynkuun u3 RXR B R) coorBeTcTByeT ABYyMeCT-
trast pyHkuus *g u3 *R B *R (1. e. pyukuus u3 *RX*R B *R)
U T. A. Pasymeercs, 3TH anansoru *A, *f, *g He npou3sBoJib-
Hbl, a JOJ/DKHBI 00/1aJaTh HEKOTOPBIMH ClelHaJbHbIMH CBOKCT-
BamH: Tak, *AnR=A, Ha (cTaHZapTHBbIX) AeACTBHTENbHBIX
ypcnax f u *f coBnajaior (a g M *g coBmajaloT Ha mapax
NeHCTBHTE/IbHBIX YHCeN), TaK YTO *f sBJsieTCs NMPOAOJIKEHHEM
ans f, a *g — npojomxkeHueM A5 g (OHHM Ha3bIBAKOTCA ecrmecm-
BEHHOIMU NPO0OANCeHUAMU COOTRETCTBYIOUMX ¢YHKuMiT). [IpH
3TOM OKa3blBaeTCfl BLINOJHEHHbIM TaK . Ha3blBaeMbll npuryun
nepexoca, yTBepXAaWIHil, rpy6o roBops, YTO rHMNepaeiCTBH-
TeJIbHble aHAJMIOTH CTaHJAPTHBIX OOBEKTOB 00JAJAlOT TEMH Xe
CaMbIMH CBOIHCTBAaMH, YTO H HCXOJAHbIE CTaHAAPTHble OGBEKTHI.
Bosnee Ttounast c¢opmynHpoBka npHHUMNA MepeHoca Aaercs
B § 5. B HacrosiueM naparpade Mbl POUJIIIOCTPHPYEM IpHMe-
HeHHe 3TOro NpHHLMMA Ha HECKOJbKHX MNpHMepax.
[Tpumep 1. dyukuua f, onpeineneHHas  cdopmy.oii
f(x)=2*, saBnsercas MoHOTOHHO Bo3pacrtaiowell. Ee aHnanor
*f, GyHKUHMSI C runepieHCTBHTEJbHbIMH apryMeHTaMH H 3Ha-
YeHHSIMH, COIVIaCHO NPHHUMMY nepeHoca, Takxke Oyler Mo-
HOTOHHO Bo3pacTawllell ¢yHKUHel, NpoJo/Kaiollell HCXOA-
Hy!o (T. €. coBmajamlLeil ¢ Heil B CTaHAapTHHIX TOYKax). Muo-
XKEeCTBO 3HaueHHH (YyHKUHH f COBMajaeT ¢ MHOXECTBOM IOJIO-
JKHTENBbHBIX NeHCTBHTENbHBIX yHces. [1o3ToMy corsiacHO MpHH-
LMYy MepeHoca MHOXKECTBOM 3HaueHHH (YHKuHu *f Gyner
MHOXKECTBO BCEX IOJIOXKHTENbHbIX THNEPAEHCTBHTENbHBIX YH-
ceJ.
[Tpumep 2. Paccmorpum mHoxecTBo N Bcex Harypab-
HbIX uucesn. EMy coorBercTByer Hekotopoe MHOXeCTBO *N
rHnepAeHCTBUTE/bHBIX YHCea. IJTO MHOXECTBO €CTeCTBEHHO
Ha3BaTb 2UNePHAMmYparbHoiM pAOOM, A €ro 3JeMeHTbl — eu-
nepHamypasvHoimy wucsamy.  [unepHaTypaabHbI psan co-
JIePXKHT Bce HATypaJsbHbIe YHCJA, HO He HCYeprbIBaeTCsi MMH.
HarypaabHule uHcia eCTECTBEHHO Ha3BaThb CmMaHOApmHoLMU
3JIeMEHTaMH rHnepHaTtypajbHoro psga. OcTajbHbie (HeHaTy-
paJibHbie) ero 3JEeMEHTH eCTeCTBEHHO Ha3BaTs HecrnaxoapmHel-
Ml THNEPHATYpPaJbHBIMH YHCAaMH. YUToOLI MOJNYYHTb THIEp-
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g 1 2 3 4
L] . . . . . . © 00 00 0 000000000 00
a v— 7/
Cmardapmreie Hecrmardapmnere
2UNEPHAMYPAALHOIE HUCAL 2unepHaMYPAN6 Hb/E
(= HamypaneHeie  yucna) quCAQ

Puc. 7

HaTypasibHOe YHCJIO, MOXHO B3ATb JI0060e MOJIOXKHTEIbHOE
GeckoHeyHo GoJsibluoe runepaeHcTBHTENbHOE 4YHca0 A M pac-
cmotpetb ero uenyio 4actb [A]. (Bonee TouHo, HyHO pac-
CMOTpPETb HECTaHJApTHBIH aHaJor GYHKUHH B3ATHS LEJOH
YacTH, nepeBoAsiel ¥ B [x], H npHMEHHTH ero K runepaeicTBU-
TesqbHOMY uucay A.)

PaccmoTpum mnozxpoGHee ycTpoicTBO (Hale cKasaTb, J0-
BOJIbHO 3K30THYECKOe) TruIepHarypasibHoro psja. Kak yxe
FOBOPHJIOCh, THIEPHATypaJbHbIE YHCJIA AeNATCA Ha CTaHAapT-
Hble M HecTaHaapTHble. Bce HecTaHZapTHble HaTypaJsibHble
yiicna GeckoHewHO BeJHKH. B camoMm nene, nyctb A — Heko-
TOpOe HecTaHAapTHOe HaTypaJjbHoe yucao. JlokaxkeMm, yTo OHO
Gosiblile NPOM3BOJBHOIO CTAaHAAPTHOrO NEHCTBHTEJIBHOIO WYHC-
aa B. Ilycts, Hanpumep, B=1983,27. VimeeT mecTo Takoe yT-
BepXKJeHHe: «BCSIKOe HaTypalbHOe 4YHCJO, MeHblluee B, paBHO
au6o 0, 6o 1, nubo 2, ..., au6o 1983». CornacHo npHHUHNY
nepeHoca JOJKHO OblTb CNpaBeAJHBO H TaKOe YTBEPXKIeHHe:
«BCSIKOE THIEPHATypaJbHOe YHCJIO, MeHbliee B, paBHO JH6O
0, au6o 1, nubo 2, ..., 6o 1983». A nockosbKky yucaa 0,1,
2,...,1983 craHpapTHbl, TO BCSIKOE HeCTaHJapTHOe TrHMepHa-
TYpasIbHOE YHCJIO AO/KHO ObITh GoJiblie B (pHuc. 7).

B runepHaTypaJbHOM psily HeT HauOOJBLICTO 3/MeMeHTa
(32 KaXKJbIM 3J1eMEHTOM a UMeeTcsl Cielyloului snemMeHT a-t1).
UyTb MeHee OYEBHMIHO, YTO CpPelH HeCTaHAApTHHIX HaTypab-
HBIX YHCeJ HeT HauMmenbluero. [IpocToe foKa3aresbCTBO 3TOro
(akTa XopolIO HJIVIIOCTPHPYET METOAbl HECTaHAAapTHOrO aHa-
nu3a. Bor oHo. Mmeer MecTo Takoe CBOHCTBO (OOBIYHOIO) Ha-
TypaJbHOrO psifia: AJIsi BCSIKOrO HaTypasibHOrO YHCJIa, OTIHY-
HOTO OT HYJ/S, CYLIECTBYET HEeMNOCPeACTBEHHO MpeJLIeCcTBYO-
ee eMy HaTypaJjbHoe 4dc/io. CorJlacHO MPHHLHMMY MepeHoca
THNEepHATypaabHBIfl  psAl Takke o06JafaeT 3THM CBOHCTBOM.
3HAyHT, Y BCAKOrO THMEPHATYpaJbHOrO YMCJIa Q@ €CTb Npef-
wecTBeHHHK b. JloKaxkeM, YTO 3TO NpenliecCTBEHHHK HECTaH-
napte. IlpeamosioxuM, 4To 3TO He Tak H b cTaHJapTHO.
Torna b sBasieTcs npeallecTBeHHHKOM yucna b+1 B cranznaprt-
HOM HaTypajbHOM psily. 3HAuHT (N0 MPHHUHMNY nepeHoca),
b sBnserca npenwecTBeHHHKOM uHcaa b+1 u B rumepHary-
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panbHoM paay. Ho Toraa uncno b siBasiercss mpepuiecTBeHHu-
KOM ABYX Das/IMYHBIX YHCe] (2 MMEHHO CTaHAapTHOro YMcJa
b+1 M HecraHIapTHOro 4YHCJAa @), YTO HEBO3MOXHO (HH B
CTaHJapTHOM HarypaJbHOM pSANY, HH, CJle10BaTeJbHO, B TH-
nepHatypanbHoM psny). ITonyueHHoe nporuBopeune nokasbi-
BaeT, 4To b HectaHJapTHO. TakUM 06pasoM, Mbl JOKa3ajH, 4TO
Cpefu HeCTaHAAPTHBIX THMEpPHATypaJbHbIX YHCEJ HET Hau-
MEHbLIErO.

UyTtb Goslee AeTaNbHBbI aHaN¥3 M03BOJSET MOJYYHTb CJie-
NYIOlHe pe3yJbTaThl, KOTOpble Mbl COOOUMM Ge3 10Kas3aTeb-
crBa. (Mx pokasarenbCTBO MOXHO Halith Ha €. 66—68 KHUTH
M. Hesuca [3].) Bce HecTaHAapTHBIE THNEPHATYpaJbHBIE YHCAA
pasbuBatoTcs, Ha Kaaccbl. K ofHOMy KJjaccy OTHoCATCS Te
4yKQesIa, Pa3HHLA MeXAY KOTOPbIMH KOHEeYHa. 3TH KJacChl MOX-
HO Ha3BaThb «TaJlaKTHKaMH», 6oJiee NoApoGHO — «rajJaKTHKaMu
B MHpe *N». TepMHH «rajakTHKa» yXe HCNOJIb30BaJCH HaMH
B § 3 npu obcyxaeHHH CTPYKTYphI noss *R; Torga Mbl HaGio-
Jaau ranaktiky B MUpe *R. Kaxpasa ranakruka B *N spas-
etcs nepeceyeHueM c* N oqHo#t u3 ranaktuk B *R. B panbHei-
1eM, rOBOpS O raJlaKTHKax, Mbl 6yleM HMETb B BHAY rajak-
THKH B *N, ecau He oroBopeHo npoTHBHoe. Kaxnas ranak-
THKa YCTpPoeHa, MoJOGHO MHOXeCTBY Z LeJbiX yucena (T. e.
H3oMoppHa Z KakK ynopsijo4eHHOe MHOXKecTBO). Ilnis jo6bix
ABYX pPAasJMUYHBIX ranaktHk K; H K, BO3MOXHO OJHO H3 ABYX:
JU6O JIIOOOH 3JEMEHT raJakTHKH K; MeHblie JI000TO 3JIeMEHTa
rasiakTHKH K, (B 3TOM Cayyae MOXHO CKasarb, 4TO K; MeHb-
we K,, u nucatb K;<<K,), 160, Hao60poT, JOGOH 371EMEHT
ranakTuky K, MeHblle JI060TO 3JeMeHTa raftaktHiki K; (B
atom cayyae K, menbuie K;; 3anuch K,<<K,). l'anaktuk, Ha
KOTOpble pacrnajaeTcsi MHOXECTBO HECTaHAApTHBIX THMepHa-
TypaJibHbIX uHcesl, 6eckoHeuHo MHoro. Cpeiu HHX HET HH
Hauboablleli, HM HauMeHblueil (mas J000H raJakTHkd K,
MOXXHO HaHTH GOJbIUYIO rajJakTHKy K, H MEHbIIYIO ranakT-
Ky Kg). MHOXECTBO rajakTHK fIBJISieTCA IUIOTHBIM ynopso-
YeHHBIM MHOJKECTBOM; 3TO O3HAyaeT, uTO AJA JIOOLIX ranak-
tHK K; u K,, ana koropbix K;<<K,, CyllecTByeT rajakTHka
K,, nns xoropoit Ki<Kz<K,.

[MpuBenem upelo 10Ka3arTebCTBAa HEKOTOPLIX H3 CopmyJH-
poBaHHbIX ytBepxkaeHHi. HanGonbuleii u HanMeHblue# ranak-
THK HeT, TaK Kak /s JIoOOro HeCTaHAapTHOrO rHnepHaTypaJb-
HOr0 YHCJa a €CTb MHOro 6oJiblliee ero YHCJAO 2a U MHOro
MeHblIee ero yucao [a/2] (uenas yactb nosoBHHB a@). Mexay
MOObLIMH 1BYMsl TaJJaKTHKaMH HMeeTcs TpeTbs, TaK KakK AJA
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nmo6LIX Yucea @ M b, nonaBIIMX B pa3Hble TaJlaKTHKH, YHCJIO
[(a+b)/2] nonanaer B npoMeXyTOYHYIO TaJlaKTHKY.

Ilns 3HaToKoB BCe CKa3aHHOE MOXHO KOPOTKO BbIPasHThb
TaK: IMNEpHATypasbHbii Psifl KAK yNnopsiJOYeHHOEe MHOXECTBO
n3omoppeH mHoxectBy N-+ZXP, rie P — HeKoTopoe MJoT-
HO YMoOpsiJOYeHHOe MHOXeCTBO 0€3 MNepBOoro M MOCJELHEero
S/1eMeHTa.

[lokaxem Ternepb, Kak MNPHHLHMN MepeHoca MO3BOJsIET
o6ocHoBatb npuMepbl M3 § 1. IlepBelii mpuMep Mbl O6CYMHJIH
B Hayane § 4. Bo BropoM paccmarpuBaercs ¢YHKUHSI H3BJe-
YeHHs KOPHSl M €e THneplefiCTBHTEIbHOE Npoao/KeHHe. Mbl
noabayemcss  pasenctBoM (V x )2 =x n (V x +dx)’ =x+dx;
nepBoe M3 HUX TNpeACTaBiasieT coGoii CTaHapTHoe (BO BCex
OTHOLUEHHAX) OfpeleseHHe KBaJpaTHOrO KOpHsS, BTOpOe Mo-

Jyyaercs no NpHHUHNY nepeHoca. (Pa3 ToxaecTBo (V t )2=t
BepHO B R, 0HO 06s13aHO ObITh BepHbiM B *R.)

B TtperbeM npHMepe (ompejeseHHe HHTerpasna) CTaHAapT-
Has QyHKuus f nponosxkaercs Ao *f, nocne 3TOro BhIpaXkeHHs
fla+dx), f(a+2dx),..., fla+(H—1)dx) npuoGperaior CMbIC.
HyXHo TOJIbKO OGBACHUTH, YTO TaKoe CymMMa OGecKOHEYHO
6osIbLIOrO YHCsA Caaraemblx (MMeHHo H caaraembix). 3to Je-
JlaeTcsi ¢ momouibio Takoro npuema. OmpenennM (B oGbluHOM
¢CTaHJJapTHOM» MHpeE) (yHKLHIO

S(n, dx)=If(@)+f(a+dx)+...4f(a+(n—1)dx))dx.

Ee aprymeHTbl SIBJfIIOTCA HATYpaJbHbIMH M JeHCTBHTENb-
HbIMH yucaami., CoOTBETCTBYIOLIMH HeCTaHAApTHBIA aHaJIor
npejcraBisier co6oi QyHKuUO *S, aprymeHTbl KOTOpoiil sBJs-
I0TCSl COOTBETCTBEHHO THIepPHATypaJbHBIMH H THMepLeficTBH-
TeNbHbBIMH uncaamu. [loacrasus B Hee H u dx=(b—a)/H, no-
JAYYHM THnepaeicTBHTeNbHOe 4Hcl1o *S(H, dx), craHmaprHyio
yacTb KOTOPOrO Mbl H Ha3blBaeM HHTerpasom (CTaHAapTHOM)
¢yukuuu f no (craHzaprHomy) oTpesky la, bl.

Ha ypoBHe MHTYHLUMH HallH BO3pa)XeHHS NPOTHB YeTBep-
TOrO npHMepa CBOLHJIHCH K TOMY, YTO HEACHO, Fle MBI HC-
N0JIb30Ba/IH  KOMMAKTHOCTb 06/AaCTH onpefeneHHss (QYHKUHH.
HanomuuM, 4To 3TOT mpuMep, Tak Xe KaK M cjaenyloulye, Gbla
ajpecoBaH 3HaTOKaM, H MO3TOMY HX OOGCYXJAEHHE TaKXe Mo-
XeT GbiTh nponylleHo Ge3 yuiep6a ans aajidbHefiwero. C uenabio
NPOSICHEHHSI CHTyalHH nonpoGyeM NPHMEHHTb Hallli paccyX-
JeHHsA, CKaxeM, K ¢yHKuuu 1/x Ha untepBane ]0,1[. Oxa3sbl-
Baercsl, yto f He HempepwiBHa Ha 10,1[, ecan paccmarpuBath
3TOT MHTEPBaJ KaK HHTepBaJ TrHMepAeHCTBHTENbHOH npsMOH
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*R; B camom Jene, 3Ta QYHKLHA HE HenpephiBHA B JOGOH TOU-
Ke a, yjoBierBopsiolled ycaoBusaM ax0, as<0, Beib He A1
BCAKOrO0 X BBIMOJHAETCH YTBepXkieHHe x~~oa=>1/x=l/a (no-
CTaTOYHO B3ATH x=a/2).

Haw nateli npumep — npuMep HeH3MEPHUMOTO MHOXECT-
Ba — CTaHOBHTCSA TaKXe BMOJIHE SICHbiM. B HeM MblI JO/IXKHBI
paccMoTpeTb  @yHKuMIO  2(n, X)=(n-ii 3HaK JBOHWYHOTrO
pasnoxeHHs yucaa x). 1o — GyHKuusa u3 MHoxectBa NXR
co 3HayenusiMi B {0, 1}. Ee runepueficTBuTeNbHBbIH aHasor
ecTb GyHKUHA *2 u3 *N X *R co 3HaueHusmu Takxke B {0, 1}.
BriGepeM Tenepb GecKoHeuHO GoJiblioe THIEPHATYpaJjbHOE
yhucao f u paccMOTpUM Te CTaHZapTHBI € 4YHCIa X €
€l0,11, nns kotopbix *2(H, x)=0. Ao MHOXKeCTBO (CTaHAApPT-
HbIX) JEHCTBHTENbHBIX yHucesn H Gyaer HeusMepHMbIM no Jle-
Gery. (910, KOHEUHO, HYXKHO ellle 10Ka3aTb, HO J0Ka3aTeJbCTBO
HECJIOXKHOEe: OHO OCHOBbIBaeTcsi, rpy6o roBopsi, Ha TOM, YTO
J1060# HHTEpBaJ 3anoOJIHAETCH STHM MHOXKECTBOM HaroJOBH-
Hy.)

[Hecroft npumep (npuHaanexauui ditnepy) noapo6HO pas-
Gupaercst Ha c. 64—65 cratbu JliokcemGypra [36]. Tam pasn-
AICHSIETCA, KaK XOA pacCyxAeHHH Jiijepa CTaHOBHTCA Kop-
PeKTHBIM (C COBpeMEHHOH TOYKH 3peHHs) B CBeTe HeCTaHIapT-
HOTO aHaJ/Hu3a.

B saksioyeHHe npuBejeM elle ABa NpHMepa «HeCTaHAApT-
HBIX» Onpeje/eHHH CTaHAapPTHbIX MOHATHH (MMEHHO NOHATHSA
npenena noc/jef0BaTeNbHOCTH W TMOHATHA MNpefeNbHOH TOYKH
10C/Ie0BaTENbHOCTH).

[Tyctp %, — mocsenoBaTeNbHOCTb (CTaHAAPTHBIX) NeHCTBH-
TeJNbHBIX YHCeJ, WJH, APYrdMH caoBaMH, pyHKuus 3 N B R.
Ee wuecranpaptHblii aHajnor npeactaBiasieT coGoi GYNKUHIO
u3 *N B *R; 3HaueHHe 5ToH QYHKLUMHM HA rHNEpPHATypaJbHOM
yyc/ae m ecTeCTBeHHO 0003HayaThb X,,.

Onpenenenne npepneua. CraiaaprHoe 4yuc/Io a
Ha3blBaeTCsl npeleaoM MOCAe10BaTeIbHOCTH X,, €CJH 6ce
GecKoHEUHO JaJieKHe YJeHbl 3TOH MoC/ef0BaTeJbHOCTH GecKo-
HeuHO GJTU3KU K a, T. €. 041 8CAK020 HECTAHJAaPTHOro runepHa-
TYPalbHOTO YHCJA m Pas3HOCTb “X,,—a OeCKOHEYHO MaJa.

OnpepneneHHe npeaenbHOH TouKH. Cran-
RapTHOE YMCJIO a Ha3blBaeTcs NpelenbHON TOYKOH mocseno-
BaTEJIbHOCTH X,, €CJIH HeKomopole GECKOHEYHO AaNEKHE YJEHDI
nocJie0BaTeIbHOCTH OECKOHEYHO OJH3KH K a, T. €. cywecmsy-
em TaKoe HeCTaHJapTHOe THNepHaTypajbHOE YHCIO m, 4TO
pasHocTb X, —a OecKoHeulo Mana.
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§ 5. EWUE O MPUHLUMMNE NEPEHOCA

BuiTh MOXeT, y uuTaTens Bo3HHK caenywouuit Bonpoc. Ipun-
LHI TepeHoca yTBepXKAaeT, YTO THMepAeHCTBHTEJNbHbIE YHC/a
00/1a1a10T TEMH XK€ CaMbIMH CBOMCTBaMH, YTO H CTaHAApTHble
JeicTBuTeNIbHbIEe uMcna. Ho craHpapTHble yHc/la ylooOBJETBO-
paloT akcHoMme ApxuMena, a runepiedcTBHTeNbHble HeT. He
NPOTHBOPEUYHT JIH 3TO MPHHUHOY NepeHoca?

Bot yto nuier no stomy noBony MaprtuH [leBuc Ha c. 26
«[TpuKkaagHOro HecTaHaapTHOro amanusa» [3l:

«JIefiGHNE MOCTY/NHPOBa CYLIECTBOBAaHHE CHCTEMbI YHCeJ,
HMeloLLel Te >Ke CBOKHCTBa, YTO 11 OObIYHbiE YHCJA, HO coaep-
»Kaweill  6eckoHeyHo MaJbie. ...OaHako nosuuus Jled6HHUA
KaXkeTcsl, OueBHAHO, abcypaHoil. OObiyHblE AeiCTBHTENbHBIE
YHCJla, KOHEYHO K€, HMEIOT NOo KpaliHeHd Mepe ORHO CBOHCTBO,
KOTOpbIM He obnanaer »xenaemoe JleiiGHuueM paciuipeHue. A
MMEHHO, CpPeaH AeHCTBHTENbHBIX YHCEJ HeT 6eCKOHEeYHO MaJbIX.

[Napanokc ycTpaHsiercs TOYHBIM BbIGOpOM (GOpPMasIbHOrO
A3blka B TEPMHHAX COBPEMEHHOH JIOTHKH (CTOJIb K€ XKECTKO
OMNpeJie/IeHHOro, KakK H sI3bIKH NporpaMMHpoBaHus aas OBM).
Takum o6pasoM, npuHuMn JIeH6HHLA YTOYHSETCSA: CYLIECTBYeT
paciuipeHHe JeHCTBUTENbHBIX YHCeJN, cojepkaliee GECKOHEUHO
MaJible 3J7IeMEeHTBI H HMelollee Te >Ke CBOHCTBA, 4TO M JeHCTBH-
TeJIbHblE YHCJIA, MOCKOJbKY 3TH CBOHCTBAa MOryT OBITH BbIpa-
>KEHbl B TOYHO YKa3aHHOM ¢opMasbHOM si3bike. OTcloaa 3akKJio-
4aeM, YTO CBOHCTBO ObiTb GECKOHEYHO MaJIbIM He MOXeT ObiTb
BbIPaXK€HO YKa3aHHBIM CMOCOGOMY.

®opMmanbHBIA A3BIK, O KOTOPOM HIET peub B NpHBELEHHOH
LMTaTe, OTHOCHTCA K YHCJY TaK Ha3blBaeMbIX ¢I3bIKOB AEPBOro
nopsAJKa», IHPOKO HCMONb3yeMbIX B MaTeMaTHUYECKOH JOTHKe.
ITOT A3BIK Mbl 0603HaYHM coyeTaHHeM GyKB RL M paccMOTpHM
ero nojpo6Hee B § 8. A noka mpuBejieM B KauecTBe MPHMEpOB
HECKOJIbKO BbIpaxkeHHil sisblka RL (uau,. Kak rosopATt, ¢op-
Mya A3plka RL).

Qopmynay xyy (x+y=y-+x) uuraerca: «uis BCAKOrO X
H BCAKOTO Y cCyMMa x-+y paBHa CyMMe y-+-x» W BbIpaXKaeT Kom-
MYTAaTHBHOCTb CJIOXKEHHA.

Popmyna yxyyyz(((x-y-z=0) AT (x=0))=((y=0)\/ (z=0)))
YHTAETCAA: «[JISi BCAKOTrO X, BCAKOIrO y H BGAKOrO 2, €CJIH Mpo-
u3BeleHHe x-y-z paBHo 0 M ecau x He paBHO 0, To y paBHO
0 nau z paBHO O».

dopmyna V *y y(sin(x+y)=sin x-cos y+-cos x-sin y)
BbIPaXKaeT CNpaBelJHBOCTb OObIYHOH (OpMYJabl IS CHHYCA
CYMMBI.
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®opmyna y x 7 y((x+y)=0) uuraercs: «41s BCAKOro X
CYLIECTBYET TaKoe Y, uTo x-+y paBHo O», U BbIpa)kaeT yTBep-
XKJeHHe O CYLIeCTBOBaHUH MPOTHBOMOJIOKHOIO 3JIEMEHTA.

Kak BHZHO M3 3THX mpHMepoB, ¢opMyJbl si3bika RL Mmo-
TYT COJepKaTb NepeMeHHble (X, ¥ W T. 1.), 0603HaYeHHs 1Js
BCEBO3MOXHbIX GYHKUHMHA (4, sinm, cos H T. A.) H OTHOLIEHHH
"(=,>> H T. A.), a TaKxKe Joruueckue cBsasku /\ (u),\/ ( uau),
= (ec/H ..., T0), ~ | (He), KBaHTOpHl Y (A1 BCAKOro) H g (cy-
MecTByerT).

Mbl He 6yjzeM moKa MpPHUBOAHTb TOYHOrO OMpejeseHHs Mo-
HATHA ¢opMy/bl paccMaTpuBaeMoro siabika RL, orpaHHuyuB-
HINCb YyXKe TNpHBEeIEeHHbIMH pasbscHeHusiMu. OrTMeruMm elue,
4TO B f13bIK€ RL GeCKOHEeYHO MHOI'O CHMBOJIOB — Mbl CYHTAaeM,
YTO A/ KaXKAOH (YHKUMH C HeHCTBHTENbHBIMH apryMeHTaMH
M 3HAYEHHSIMH H /11 KaXKAOT'0 OTHOUIEHHSI MEX1Y AeHCTBHTEb-
HbIMH YHCJIaMH HMeeTCsl CrelHa/lbHbIH CHMBOJI.

®dopmysbl si3bika RL HMeIOT CTaHapTHYIO HHTepNpeTaLHio,
B KOTOPOH BO3MOXHBIMH 3HAY€HHSIMH TePEMEHHBIX SIBJSIOTCS
JeACTBHTe/bHbIE YHUCJA, @ CUMBOJbBI AJsi GYHKUHI H OTHOLUe-
HHH BBIpAXKaloT Te caMble GYHKUHH H OTHOLUEHHS, 1J1s1 0003Ha-
YeHHs] KOTOPBIX OHH BBejeHbl. [Ipu 3TOH cTaHzapTHOH HHTep-
npeTauud HeKoTopble (OpPMYJbl OKa3blBalOTCS HCTHHHBIMH,
a HeKoTopble — JOXHbIMH. (Boe uetbipe dopMysibl, npuBeneH-
Hble Bbillle B KayecTBe NpPHMEPOB, — UCTHHHBIE.)

[MpumeHenye ynoMHHaBlueHcs B MnpeiblAylleM naparpage
TeopeMbl KOMMAaKTHOCTH MaJiblieBa No3BosisieT MOJYYHTb HH-
TeprpeTauHio sissika RL, B KOTOPO#H HCTHHHBI Te Xe GopMyJIbl,
YTO M B €ro CTaHAapTHOH HHTepnpeTaudH, HO B KOTOpPOH He
BbIMONHeHa akcHoMa Apxumena. (Takyio HHTepnperauHio
MOXXHO Ha3BaTb HecTaHAapTHoH.) Bosee nozpo6Ho, Mbl moay-
yaeM HEKOTOpPOe MHOXecTBO *R M HeKoTopbie QYHKUHMH H OT-
HOLLIEHHS Ha HeM, COMOCTaBJIeHHble C CHMBOJNIAMH Hallero s3bl-
ka. Ilpy 3ToM oka3biBaeTcsi, UTO €C/H CYHTAThb BO3MOXHBIMH
3HAaYEHHSIMH NepeMeHHbIX 3JemeHThl *R, a 3HaueHHsIMH CHM-
BOJIOB HAlIero fi3bilKa — COOTBETCTBYIOIHE (PYHKUHH H OTHO-
weHHa Ha *R, To HCTHHHBIMH OyAYyT Te ke camble GOpPMYJBI,
YTO M MpPH CTaHHApTHOH HHTepnpeTalMH.

1o He melnaer akcHoMe ApxuMmena ObITb HCTHHHOH B CTaH-
JapTHOil HHTeprpeTaUHH H JIOKHOH B HecTaHaapTHOH. [leno
B TOM, YTO 3Ta aKCHOMa He MoxeT ObiThb 3aMMcaHa B BHIE
¢opMyJipl paccMaTpHBaeMOro fi3bika RL. 310 He YAHBHUTENBHO:
TMOMBITKA 3amucath aKCHOMY ApXuMeja Ha 3TOM fI3bIKe eCTeCT-
BEHHbIM CMOCOGOM MPHBOAMT K Heylaue; XoueTcs HamucaThb

v e(>0=>[e>1 nmu e+e>1 unn etete>l1...),
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HO Beflb Kaxkaas ¢opmysaa o6s3aHa MMETb KOHEUHYIO AJIHHY,
M NOTOMY HHKaKOH KOHKpeTHOH (opMYJbl He MoJyyaercs.

Bo3HHKalollee siBJeHHe YacTO BCTPEYaeTcss B JIOTHKE H
Ha3bIBA€TCs 3/IEeMEHTaPHOH 3KBHBAJEHTHOCTbIO HEH30MOP(HBIX
cTpykryp. [Ipocreiium npuMepoM TaKoil CHTyalHH SIBISIOTCS
MHOXecTBa Q ¥ R (pauuoHaJbHBIX H BelleCTBEHHBIX YHCeN)
Kak ynopsiioueHHble MHOxectBa. OHu He u3omopdsbl. OnHa-
KO €C/IM HHTEepecoBaThbCsl (OpMYyJaMH $3blKa, COAEPKalLero
JIMIIb OTHOLIEHHS (<, =), a TaKXe nepeMeHHble H JIOTHYECKHE
3HaKH, TO 0GHapyHTCA, 4TO B Q U R HCTHHHBI ONHH H Te Xe
¢dopmysbl., AHaloriyHoe yTBepXKJAEHHe MOXHO CAeJaTb H OT-
HOCHTE/NIbHO ynopsgoYeHHbIx MHOxecTB N u N+ Z (uepes
N+ Z o6o3HayeHO YyMOpsSO4EHHOE MHOXECTBO, SABJSAOLLEECS
oOBbeiHHEHHeM [BYX TMOAMHOXECTB, MpHYeM MepBOe H3 HHX
usomoppHo N, BTopoe uzomopcdHo Z u Bce 3/JieMEHTbl NePBOro
MeHblile BCeX 3JEMEHTOB BTOpOro).

§ 6. UTO XXE TAKOE I'MNEPAOENCTBUTESIbHOE
UMCno?

Mgl yxe Tak MHOro rOBOPHJIH O TUMepAeHCTBUTENbHBIX YHC-
JlaX, YTO BO3HHKAeT BOMNPOC: YTO >Ke BCE-TaKH NpeACcTaBJser
coboil runepieiicTBHTeNbHOE 4HCAO? JIpYrHMH CJI0OBaMH, Kak
MOCTPOUTDb pacuivpeHHe noast R ¢ HY>KHBIMM HaM CBOHCTBami?

K coxanenuto, nonsiTka OTBETHTb Ha 3TOT BOMPOC BCTpe-
YyaeTcs C NMPHHUMNHAMBHBIMH TpyAHOCTAMH. [leno B ToM, 4To
B omvinune ot N, Z, Q u R MHOXecTBO runepeliCTBHTENbHbIX
yucen *R HEeNHMHCTBEHHO — B TOM CMbICJIE, YTO CYILECTBYeT
MHOrO pasJjiMYHBIX YMNOpsiAOYeHHBIX moJsieil * R, o6sajarouiyx
HY>KHbIMH HaM KauyecTBaMH, H He BHJIHO HHMKaKoro cnoco6a
BbIOpaTb KaKoe-HHOYAb M3 HHX B KauyecTBe HAWJIyYlUero, WJu
«MCTHHHOTO», YTIOPALOYEHHOrO MOJNS THNEpAeHCTBHUTENbHbIX
qpceds.

CyuwecrBoBaHHe MHOXecTBa *R, KaK yxe YNOMHHAJIOCh,
MoxeT OblTb O0OCHOBaHO ABYMsl crnocoGamu. [lepBuiit croco6
COCTOMT B NPHMEHCHHH OJHOH H3 OCHOBHBIX TE€OpeM MaTeMaTH-
YeCKOH JIOTHKH, Ha3biBaeMOH TeopeMOoil KOMWIAKTHOCTH AJiA
HCYMCJIEHHs] NpeJHKaToB MepBOro mnopsiika. dta TeopeMa ra-
paHTUpYeT B onpefeJeHHbIX CHTYAaUHsiX CyLIeCTBOBaHHE TaK
HasblBaeMbIX MojeJiell, T. e. MareMaTHYeCKHX CTPYKTYp, YAOB-
JIETBOPAIOIHX 3aJaHHbIM aKcHOMaM. ITOT cnocob obcy»kaa-
etca B § 8.
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Brtopoi#t cnoco6 coctouT B npAMoi (XOTA Tak»Ke MPHHLM-
MHANbHO HEOAHO3HAUHOMH) KOHCTPYKUHUH. [TonyueHHe 3THM cMo-
co6oM *R H3 R B KaKOH-TO Mepe aHaJIOTHYHO MOJNYUEHHIO KaX-
Joro H3 MHoxectB uenoykdh N ZcQcR u3 npeabiayuiero.
(BripoueM, 3Ta aHaJOrus HOCHT, GBITb MOXET, HECKOJIbKO I0-
BEDXHOCTHBIH XapakTep.) B camoM nene, uenoe 4HCI0 MOXHO
paccMaTpHBaTh KaK KJacC 3KBHBAJIEHTHBIX Nap HaTypaJbHBIX
y§ceJ, pauHOHAJbHOE — KaK KJacC 3KBHBAaJAEHTHBIX Nap Le-
JIbIX YHces, JAeHCTBHTEJbHOE — KaK KJacC 3KBHBaJEHTHBIX
(yHAaMEHTaJbHLIX MOC/JAEe10BaTebHOCTEH pPALHOHANBHBIX 4YH-
ces (Takue Moc/nefoBaTe/bHOCTH Ha3blBAlOT TaKXe MocJen0Ba-
tesbHOCTAMH Koiuw).

[Tono6HO 3TOMY rHnepaefiCTBHTENbHBIE YHC/IAa MOXHO pac-
CMaTpHBaTh 'KaK KJacChl MOC/JAeA0BaTeJbHOCTEH OOBIKHOBEH-
HBIX JeHCTBHTENbHBIX uHces. OObscHUM Gosee  noApoGHO,
KaK 3TO JeJaercs.

[lepBas nonmbiTKa COCTOMT B TOM, 4TOObl Has3BaTb rumnep-
JeACTBUTENbHBIM YHCJIOM MPOHU3BOJBHYIO [0C/€10BaTelbHOCTh
IeHCTBHTENIbHBIX uHces. [Ipy 3TOM MOXXHO HajeaTbcs, 4TO NO-
cnegoBaresnbHocTb 1,2,3,4,... oKa)keTcsi GECKOHEUHO GOJIbLINM

11

rHnepaeiiCTBUTEBHBIM UHCIOM, a NocIen0BaTebHOCTh( 1, 313
... — GECKOHEUHO MaJbiM. SICHO TaKXe, YTO CKJaibBaTh H
YMHOXATb MOCJE€JOBaTeJbHOCTH HYXHO, MNO-BHAHMOMY, IO-
yieHHo. [IpH 3TOM posb HyJAs HrpaeT MOC/e0BaTeNbHOCTb
0,0,0,..., a poab egMHHUB — nocienoBatenbHocts 1,1,... Of-
HaKO HHYero Xxopoulero noka He nosayyaercd. Hanpumep,
CBONACTBO JEeHCTBHTEJbHBIX YHCEN «eC/H NpPOH3BeJeHHe paBHO
HYJIIO, TO OAHH H3 COMHOXHTeNeil paBeH HYJIO» AJsi MOCIeRo-
BaTe/IbHOCTeH He BbLINOJIHEHO, HampuMep: NpOH3BeleHHe To-
caegosareabHocreit 0,1,0,1,... u 1,0,1,0,... paBHO «HY.TIO®
(1. e. nocnegoBatenbHoctH 0,0,...), XOTA HH OJHA W3 HHUX He
pasHa Hymio. [lpu onpejeneHHu nopsifka Ha MmocienoBaTe/b-
HOCTIX TaKXXe BO3HHKAlOT TPYAHOCTH. XOuYeTcs CKa3arh,
YTO fl0C/I€A0BATENbHOCTh A=a,, d;,... MEHbLIE NOC/eA0BaTe/b-
HOCTH b=b,, b,,..., ecnu a,;<<b, npu Bcex i. OnHako omnpepe-
JIeHHBIl TaKHM 06pa3oM MOPAJOK He 00J1ajaeT CBOHCTBOM JiH-
HEHHOCTH: HaWAYTCA TaKHe Pa3/iHuHble MOC/eN0BaTEeNbHOCTH @
H b, uto o6a yTBepxAeHHS a<<b u b<<a JIOXKHHI.

Bbixon U3 MONOMEHHS COCTOHT B TOM, YTOGbI CUMTATb TH-
nepAefCTBUTEIbHBIMH YHC/IaMH He MPOCTO 110C/1e10BaTE/IbHOCTH,
a HEeKOTOpble KJacchl MocJenoBaTesbHOCTeH. Ta KOHCTPYK-
sl LOBOJILHO YacTO BCTPEYAeTCs: HanpHMep, AEHCTBHTeNbHbIE
YyUC/aa MHOIAA OnpeiesaioTcss Kak HeKOTopble KJacchl noce-

27



J0BaTeIbHOCTe! palHoHa/bHBIX uYHcesa. Bosee wu3ouipeHHbIH
npumep AJs 3HAaTOKOB: 3JieMeHTaMH npoctpaHctBa £;(R)
CJYXAT He MPOCTO HHTErpHpyembie Mo .Heéeéy GYHKUHMH Ha
R, a knaccel 3KBUBaJeHTHOCTH TaKHX GYHKNHI no oTHoLue-
HHIO «OTJIMYaTbCcs Ha MHOxecTBe Mepbl O». HeoObluHbIM B Ha-
weM ciayyae GyfeT HMeHHO crnocoG mocTpoeHust kaaccoB. Ero
onpenejeHHe GyleT HCIOJb30BaThb TaK Ha3blBaeMbli HETPHBH-
aJbHBbIH yJAbTPAaHIBTP HAa MHOXECTBE HATypasbHbIX YHCEN.
OG6GBACHHM, YTO 3TO TakKoe.

[TycTb HekoTOpble MHOXECTBAa HaTypasbHbIX YHCe] Ha3Ba-
Hbl «OOJIbILIMMH», @ HEKOTOpble — «MaJIbIMH», NpPHYEM BbINOJ-
HeHbI cJefyloliie CBOCTBa:

1. Jlo6oe MHOXXeCTBO HaTypaJibHbIX 4YHCe] siBJsieTCA JHGO
60abluuM, JHG0 MaabiM. Hu 0JHO MHOXeCTBO He sBJseTcs
Ma/ibiM U OGOJIbIUMM OJHOBPEMEHHO.

2. Hononxenue (oo N) no6oro Majaoro MHOXKeCTBa sIBJIsiET-
¢ GOJIbLIHM, JOMNOJIHEHHEe JIo60ro GOJIbLIOr0O MHOXeCcTBa —
MaJibiM.

3. Jlloboe mNOAMHOXECTBO MaJiIOr0 MHOXeCTBa SBJSIETCA
MaJbIM, JI060€ HAAMHOXECTBO GOJIbIIOr0 — GOJBLINM.

4. Ob6benrHeHUe ABYX MaJblX MHOXECTB fIBJISIETCS MaJbIM,
nepeceyeHHe JIBYX OGOJbUIHX MHOXECTB — GOJIBLIHM.

dneMeHTaMH 3TOro yJbTpaduIbTpa Ha3bIBAIOTCA MHOXECT-
Ba, 00bsABJNeHHble GosblIMMH. BoT npoctoif npumep yabTpa-
¢unbTpa: MHOXECTBa, COJepIKalllHe NaHHOE HAaTypaJibHOe YHC-
JO a, OOBABNATCA OGOJBIIMMH, a OCTaJbHble — MaJbIMH.
Takue yabrpadunbrpbl (npH Bcex a €N) Ha3bIBalOT TPHBHAJb-
HbiMH. Hcnosbays cBoiictBa 1—4, MOXXHO J10KasaTb, YTO He-
TPUBHANBHOCTb  YJbTPapHIbTPAa pPABHOCHJIbHA BBIMOJHEHHIO
TaKoro CBOHCTBa.

5. Bcsikoe KOHEUHOE MHOXECTBO SIBJISIETCA MaJibIM, BCAKOE
MHOXKECTBO, HMeIolllee KOHeYHoe JOMOoJIHeHHe (L0 MHOXecTBa
N), — Goabluum.

Bonpoc o ToM, KakHM 06pasoM MOXHO MOCTPOMTb HETPH-
BHa/bHBIH yAbTpaduAbLTp, Mbl 06CydHM Mmo3xe. A celiuac Mbl
NOKaXKeM, KaK C MOMOLIbIO TaKOro y/abTpaduJbTpa MOCTPOHUTH
HCKOMOE HE€apXHMeIOBO paclUMpeHHe noJisi JeHCTBHTENbHbIX
qHCesI. .

HMrak, nycTb ¢uKCHpOBaH HeTPUBHAJbHBLIH YJALTPadHILTP,
T. €. HEKOTOPbleé MHOXeCTBA HATYpa/bHbIX YHCeN Ha3BaHbI
GOJIbIIMMH, HEKOTOpble — MaJ/IbIMH H CBoiicTBa 1—5 BbINOJ-
HSIOTCA.

Bynem roBoputh, 4TO Mmoc/ef0BaTeNbHOCTH a=da,, 4y, ds,...
u b=by, by, b,,... >KBHBAJEHTHbI, €C/IH PaBEHCTBO a,=b,
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«BBIMIOJIHEHO MOYTH TMPH BCeX i», T. €. €CAH MHOXECTBO TeX i,
NpH KOTOPBIX a;=b;, Goabluoe (TOrja MHOMECTBO TeX {, MPH
KOTOpHIX a;5=b;, — Masoe no cBoiictBy 2). Cor.iacHo CBOiiCT-
By 5 Jso0ble MOC/NEN0BATENbHOCTH, OT/IHYAIOUIHECS B KOHEY-
HOM YHCJIe Y/IeHOB, SKBHBa/NeHTHbI. C KaxKJ0f nocJjiefoBaresb-
HOCTBIO COMOCTAaBHM ee KJacC 3KBHBaJIEHTHOCTH — KJIacC BCeX
9KBHBANEHTHbIX el mnocaenoBatenbHocteii. [lonyuatouuecs
KJlacChl 3KBHBANEHTHOCTH U GYAYT Ha3biBaTbCA T'HMEpAEeHCTBH-
TeJNbHbIMH yuctaMH. OObIKHOBEHHBIe JeHCTBHTENbHbIE YHCJA
BKJAAbIBAIOTCS B MHOXECTBO THMepAeHCTBHTEJNbHBIX UHCel,
€CJIH OTOXIECTBUTb YHCJIO0 a €R ¢ kiaccoM 3KBHBaeHTHOCTH,
cojlep»KalliM NOCJe0BaTeNbHOCTD 4, a, a, ... TaKuM 06pa3oM,
*R oKa3bIBaeTcsl, KaK Mbl TOrO M XOTeJH, pacluiHpeHHeM MHO-
xectBa R.

OnpenenuM ClOXKeHHE H YMHOXEHHE Ha runepaelicTBUTENb-
HBIX uHcaax (T. e. Ha Kiaaccax 3kBHBajeHTHoctH). [lyctb
KJIaCC o COJEPXKHT MOCJeN0BaTeNIbHOCTh @y, @y, Ay, ..., KJACC
f — nmocnenoBatenbHOCTb by, by, b,,... HazoBem cymmoii knac-
coB o H P KJacc, COAepKalliiil MocjenoBaTeNbHOCTh dy+ by,
a,+by, ay+b,,..., a npon3BeeHHEM —NOCJAE10BaTENbHOCTD Qy- by,
a,+ by, ay+b,,... KOPpPeKTHOCTb 3THX onpejeneHHi (He3aBHCH-
MOCTb OT BbI6Opa 3/1eMEHTOB B Kjaccax o U f) obecneunBaercs
cBoiicTBoM 4 13 onpejeneHHs yJabTpaduabTpa.

Ponb Hyns B mMHOXecTBe *R Bcex runepieHCTBUTENbHBIX
YHCEN HMCTIONHSET, OYEBMAHO, KJacC, COlepKallMi rnocsenosa-
TeNbHOCTb JelficTBHTENbHbIX uucen 0,0, 0,0, ...; HanpoTHB,
rHUnepAeHCTBUTENbHOE YHCIO OTJIHYHO OT HYJS, €C/IH OHO (Kak
KJIaCC 3KBHUBAJIEHTHOCTH) HE€ COAEpXHT 3TOH TMOocJeNoBaTe/b-
HoctH. [lokakeM, 4TO MbI Npeofo/NeNH YNOMHHABIIYIOCS BbILLE
TPYAHOCTb M YTO NpPH HAallleM TenepeliHeM OnpeleseHHH Mpo-
H3BeleHHe JABYX OTJHYHBIX OT HYJS THNepAeHCTBHTENbHBIX
yhcesl HernpeMeHHO caMo OTJHYHO OT HyJasa. Hrak nycth o
H B — HeHyJsieBble (T. €. OTJIHYHBIE OT HYJSA) KJacchl, a,, 4,
Qs ... U by, by, by, ... — HUX 3nemeHTH. TakK Kak Kjaacc o
HeHyJIeBOi1, TO MHOXeCTBo A, cocrosiuiee H3 TexX i, MJIsA KOTO-
pbix a,5=0, — Gosbiioe. AHaIOTHYHO MHOXeCTBO B, cocros-
uiee WX Tex i, npu Kotopbix b0, — Gosbuioe. CorsacHo
cBOHiCTBY 4 u3 onpeleNeHHs YJbTpaduIbTpa NepeceueHHe
A n B sBnserca GoablunM MHOXecTBoM. [Ipu i €An B uucno
a,-b, ornuyHo ot 0, Mo3TOMY MOCJIENOBATENBHOCTb ¢;=a; b,
He 3KBHBAaJIeHTHAa HYJIEBOH MOC/e10BaTeIbHOCTH.

[Tono6HbIM ke o6pa3oM YCTpaHsiercss TPYAHOCTb C omnpeje-
JIeHHeM  Mopsiilka Ha TrHMNepAeHCTBHTEJNbHBIX YHCJAaxX, T. €.
C pelueHileM BOMpOca O TOM, KaKoi M3 JBYX KJacCOB CYHTaThb
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66abIUNM, a Kakol — MeHbluuM. MMenHo nyctb a u B — aBa
KJacca, a Qg, 4y, 4y, ... H by, by, by, ... — HX 3neMeHTHI. [lo-
CMOTPHM Ha MHOXECTBO TeX [, NMPH KOTOphIX a; > b;. Ecau
OHO GoJiblLIoe, TO GyleM CYMTaTh, 4TO & > f3, €C/IH OHO Malioe,
To 6yleM cuutaTh, uTo a<f. UuTarenb JIerko NpoBepHT, 4TO
3TO ofnpefie/ieHHe KOPPEKTHO (T. €. He 3aBHCHT OT BbiGopa npej-
cTaBHTeNed B KJaccax).

Hrtak, MBI BBeJIM Ha MHOXECTBE THNepAeHCTBHTE/NbHBIX YH-
ceJl CJIOXKeHHe, YMHOKeHHe H nopsajok. HeTpyaHo npoBepHTb,
YTO MBI MOJIYYHJIH YNOPSIZOYEHHOE MoJe, T. €. UTO B MHOXKECTBe
runepAedCTBUTENbHBIX YHCEJ BBHIMOJHAIOTCA  BCe OObIYHbIE
CBOHCTBa CJIOXEHHS, YMHOXeHUsi U mnopsigfka. AkcHoma Ap-
XHMeJa, OfHAKO, B 3TOM MoJie He BBINOJHSAETCA: MocJeloBa-
TenbHocTs 1 5, %, .« . (TouHee, comep xalHii ee Kaacc) sp-
JfeTcs, KaK MOXHO MpOBepuTb, GECKOHEUHO MaJjbiM THmep-
JEHCTBHUTENbHBIM YHCJIOM. VIMEHHO npu 3TOH mnpoBepke Ham
norpe6Gyercs HCNOJb30BaTb HETPHBHANBHOCTb YJ/bTPadHJLTPA
(cBoiicTBO 5).

UYro ewe HYXKHO yMeTb, uTOOBI BBIMOJHHTbL OOeLIaHHOE?
Hanomuum, uto B §4 Mbl obeljanu, 4To AJAA Ka)KAOro CTaH-
JapTHOro oGbeKTa (YHCsa, MHOXECTBa uuceJ, (QYHKUHH H
T. 1.) 6yJeT CYylEeCcTBOBaTh ero HecTaHJapTHbIl aHanor. CMbIc
CI0Ba «aHajior» Obl1 yTouHeH B § 5. MMeHHO, Ho/>KeH BbIMOA-
HATbCA MPHHLUMN NepeHoca, rapaHTHPYIOUIHH, YTO B MHOXECT-
BaxX AeACTBHTENbHBIX M THNEPEeHCTBHTEJNbHBIX YHCEN SBJSIOT-
Cfl MCTHHHBIMH OJHH M Te e (OpMYJIKl HEKOTOPOro s3blKa.

Hrak, npexie Bcero HaM Haio YMeTb COMOCTaBJATb C
KaXIbIM CTaHAPTHbIM OGBEKTOM (MHOXECTBOM AelCTBHUTENb-
HbIX uyHces, (YHKUHeld C AefiCTBHTEJNbHBIMH apryMeHTaMu I
3HAYEHHSAMH H T. A.) €ro HeCTaHAapTHBIH aHaJor. 3TO JesaeTcs
C/Ie1yIOUIHM eCTeCTBEHHbIM cnocoboM. [lycTb, Hanpumep, 4 —
HEKOTOpPOe MHOXKECTBO (CTaHAAPTHBIX) JEHCTBHUTEIbHBIX YMCEJ.
OnpenenuM ero HecTaHAapTHbIH aHanmor *A. Ilycts o — mpo-
H3BOJILHOE THMEepPACHCTBHTENbHOE YHC/IO (T. €. KJAacC 3KBHBa-
JIEHTHBIX TMOCJ/IefoBaTeJbHOCTEH), ag, @y, ... — €0 NpPeACTaBH-
Telb (T. €. OfHA M3 MoCJej0BaTeNbHOCTEH 3TOro kjacca). by-
JeM mHcaTh, 4To @ €*A, eclii MHOXKECTBO TeX i, JJIsi KOTOPHIX
a; €A, Gonbinoe. Tem cambiv *A onpepeneno. Eme npoute
Jes0 OOCTOHT C MpOAOMMeHHEM (GYHKIHIA NeHCTBHTENIbHOrO
aprymMenra Ha runepiedcrBuTenbHble uyncnaa. Ilyets f— npo-
M3BOJIbHAA (YHKUMS C JAeHCTBHTEJNbHBIMH aprymMeHTaMH H
sHaueHHamMd. OnpefenuM ¢yHKuUHIO *f Cc runephaeiicTBHTENb-
HbIMH apryMeHTaMH H 3HauyeHHsIMH TaK: pPe3yJbTaToM ee Mpil-
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MEHEHHS K MOC/IeN0BaTebHOCTH @, @;, ... OyleT mnocjenoBa-
TenbHOCTb f(ao), f(a;) ... (CTporo roBopsi, HYKHO paccMaTpH-
BaTb HE CaMH [OCJIE0OBATENbHOCTH, a KJacChl 3KBHBAJIEHT-
HOCTH, HO 3TO H€ NPHBOAHT HH K KakuM TpyAHocTaM.) Ecau
g — OYyHKUHA OBYX apryMeHTOB, TO pe3yJbTaT NpHUMEHeHUs
GYHKUMH *g K MOCJeNOBAaTeNbHOCTAM aqy, 4, ... U by, by, ...
eCcTb N0C/eN0BaTeNbHOCTh g (a,, by), g (ay, by), ...

Yuratenb, BO3MOXHO, Yyxe o0paTH/ BHHMaHHe Ha ToO,
4TO HallM OIlpeJesIeHHs1 onepauHil CJIOXKeHHS, YMHOXXEeHHS H
nopsiilka Ha MHOXECTBE THMNepAEHCTBHUTENbHBIX YHCEN KakK
pa3 M OblAM BBIMOJIHEHBI 110 3TOH CXeMe,

Yro6bl HOoBecTH [€10 A0 KOHILA, HYXKHO J0Ka3aTb, YTO A/f
MOCTPOECHHLIX HaMH OOBEKTOB CHpaBeIJIMB MPHHLMN MepeHoca,
T. €. YTO AJSl HHUX HCTHHHBI Te >Ke (hOpMYJibl OMHCAHHOro B
§ 5 dopmanbHOro A3bIKa, YTO H AN OOBIYHBIX AEHCTBHTE/IBHBIX
yHcesn. DTO HETPYAHO cliesaTh, HO Mbl 3TOTO JenaTb He OyleM,
TaK KaK npHuioch Obl Gosiee moapoGHO BAaBaThCA B JeTalu
nocrpoeHust ¢opMajsbHOro si3blKa, YTO He BXOAHT B HallH
njaHbl. BMmecto 3toro Mbl ofcynum yxke ynoMHHaBLUYIOCS
HaMH npoGieMy: OTKyAa, COOCTBEHHO TOBOPSi, MOXHO MOJY-
YUTb HeoGXOAUMBbIH HaM HeTPHUBHANbHBIH YJIbTpaQUJABTD Ha
MHOXeCTBe HaTypasibHbiX uncen? KakuM o6Gpasom caenyer
JeIiTh BCE IOJMHOXeCTBa MHoxecTBa N Ha «6osbluHe» H
«MaJible», €CJIM Mbl XOTHM, YTOOBI BBINOMHAJMUCH cBoficTBa 1 —5?

K coxaneHuo, HHKaKOro KOHKpeTHOro croco6a TakKoro
JieJIeHUsl YKa3aTb ‘He yhaerTcsi. MOXHO JIMIIb, HCMOJb3ysl TakK
Ha3bIBaeMYI0 aKCHOMY BbIGOpa, A0Ka3aTb, YTO TaKHe CMOCOOH
cyuectByloT. [ToroBopuM 06 3T0fi akcHoMe H BooGlie 06 aKcH-
OMax TEOPHH MHOXECTB HECKOJIbKO MoApoCHee.

§ 7. OTCTYINJIEHME: 3AYEM HYXHA
AKCUOMA BbIBOPA?

JleTaqbHOE H3JIOXKEHHE CHCTEMbl aKCHOM TEOPHH MHOXECTB
JlaJIeKO BLIXOJHT 3a PpaMKH 3ToH Opoluiopbl (OToLIIeM YHTaTeas
kK ra. 1 us [1, yacte 1I]). Ckaxem /uuib, 4TO B 3TOH CHCTeMe
Ba)XKHYIO pOJIb MrPaloT TaK Ha3biBaeMble aKCHOMBI CYLIECTBO-
BaHHs, KOTOpble TapaHTHPYIOT CYLIECTBOBaHHE HEKOTOPbIX
MHOXecTB. HanpuMep, akcHoMa cTeneHM YTBEpXKAaeT, 4YTO
1)1 JMeboro MHOeCTBa X CYLIeCTBYeT MHOXKeCTBO Y, cocros-
iee M3 BCeX MOAMHOXKECTB MHOXecTBa X. AKCHOMA BhiJe/JeHHS
yTBEpKAAeT, 4TO AJIs JioGoro MHoxecrsa X M Ansa Jo6oro
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CBOHCTBA @(X) €ro 3JIeMEHTOB CYLIECTBYeT MHOXeCTBO VY,
COCTOSAILIEE M3 TEX M TOJbKO TeX SJEeMEHTOB X MHOXeCTBa X,
KoTopble o6safalT CBoAcTBOM @(x). AKcHoMa Bbifopa TaKxke
FOBOPHT O CYLUECTBOBAaHMH HEKOTOporo MHoxectBa. OHa y1-
BEPXKIaeT, 4YTO AJ/1s JoGOoro cemeiicTBa X MOMAapHO Hemnepece-
KAIOUIUXCH MHOXECTB CyllecTByeT MHOXecTBo C, coiepxkaliee
POBHO MO OXHOMY 3JIEMEHTY M3 KaXX[0ro MHOXECTBAa CeMeHCT-
Ba 3. JIpyrdMH CJI0OBaMu, B KaxKJOM MHOXECTBE cemeiicTBa X
MOXHO BbIOpaTb MO ONHOMY «MpeACTaBHTEN0» U 06pa3oBaThb
H3 3THX mnpeacraBuTeneil MHOXecTBO C.

Akcnoma BuiGopa MMeeT OCOGEHHOCTb, OT/IHYAIOLLYIO €€ OT
JApYruX akCHOM cyllecTBoBaHus. [leqo B TOM, 4TO 3TH ApYyrue
aKCHOMBI (TaK Ha3biBaeMble KOHCTPYKTMBHBIE aKCHOMBI) yT-
BEPXKJAIOT CYLUIECTBOBaHHE HEKOTOPbIX OJHO3HAYHO omnpeje-
JeHHbIX MHOXecTB. OueBHAHO, HagpHMep, YTO A/l AAHHOrO
MHOXKecTBa X €cTb TOJBKO OJHO MHOXKECTBO, SBJSIOLIEecs
MHOXKECTBOM BCEX MOAMHOXECTB MHOXecTBa X. DTO MHOXKECT-
Bo o6o3Hayaercss P (X). [Tlogo6HbiM 0Gpa3om CyL1ecTByeT JIHLIb
OJIHO MHOXECTBO, 00pa3oBaHHOE BCEMH 3JEMEHTaMH [aHHOTO
MHOxecTBa X, YIOBJIETBOPSIIOLUMHU JAHHOMY CBOHCTBY @(x).
OHo 06blyHO 06o3Hauaercs: Tak: {x €X|@(x)}. Takum obpasom,
aKCHOMa CTeMeHH M aKCHOMa BLIJENEHHs (KaK H Jpyrue ak-
CHOMBI TEOPHH MHOXECTB, 3a MCKJIIOYEHHEM aKCHOMbI BbIGOpa),
yTBEpKAasi CYLIECTBOBAHHE HEKOTOPHIX MHOXECTB, MO3BOJSIOT
«Ha3BaTb» 3TH MHOXECTBa, «laThb WM HMeHa». B akcuoMe BbI-
6opa, HanpoTHB, MHOXeCTBO C MOXeT GbiThb BLIOPAHO MO-pas-
HoMy. Ilo3ToMy Bce KOHCTPYKLHH, HCNOJb3YIOLUIHE aKCHOMY
BbI6Opa, CYIUECTBEHHO HEOJHO3HAYHbl. JTa HEONHO3HAYHOCTb
HE MO3BOJISIET «AaTh UMs» HHKAKOMY MHOXXECTBY NpeACTaBHTe-
Jiell, TaK KaK HeT KaKHX-THGO CMoCOGOB peliuTb, KaKoMy
HMEHMO MHOXKECTBY NpeACTaBHTesell HYXHO ero AaTh. [losic-
HHUM CKa3aHHoe. [IpeacraBum ceGe, YyTo OQMH MaTeMaTHK H3Ja-
raeT JpyroMy HEKOTOpOE€ pacCyXJAeHHe, HCIOJb3yiollee akK-
croMmy BbiGopa. «[1ycTb & — HekoTOpoe ceMeHCTBO MHOKECTB.
PaccmotpuM MHOxecTBo C  «lpeACTaBHTeNeH» MHOXECTB H3
X...» — roBOopHT OH. «XO0poIlOo», — COrnalaercss APYroi.
Ho npu 3toMm oHu uMelot B BuAY, BoOGLIE roBopsi, pa3Hbie MHO-
XKeCTBa mpeactaButesneil. M HeT HUKAaKHX CPEACTB, C MOMOLIbIO
KOTOpLIX OAHH U3 coGecefHUKOB MOr Obl OGBACHHTb APYromy,
KaKOe HMEHHO MHOXECTBO MpejACTaBHTeNeH OH MMeET B BUAY.

[lpu 3apoxpgenun Teopud MHOXecTB B Havamre XX B.
aKCHoOMa BblGopa (BrepBble 3Ty aKCHOMY SIBHO CHOPMYJIHPOBaJ
HeMeuKHiA Matematuk 3. LlepMeso, nostomy ee uHoraa Hasbl-
BaloT akcHomo# Llepmeno) Bbi3Bajla Y MHOrMX MaTeMaTHKOB
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6ypHble npotecTbl. [ToMHMO yxKe ynOMHHAaBIUEHCS MpPHHIHIIH-
aNbHO#A HECHAHHCTBEHHOCTH MOCTPOEHHH, BBIMONHSAEMEIX € f10-
MOLLbIO aKCHOMBI BBIGOPA, MPHYHHOIH 3THX MPOTECTOB CJIYKHJIH
MHOTOYHC/IEHHbIE [MapajOKCa/lbHble ee CJEeJCTBHS.

[lpuBesem oaHo u3 Takux crenctBuil (napagoka Banaxa —
Tapckoro). Ilycte maH wap D egunuyHoro paauyca (T. e.
MHOXECTBO BCeX TOYeK, OTCTOSILIMX OT JaHHOH TOYKH Ha pac-
CTOsiHHSA, He npeBocxoaside 1). OxaswiBaercs, yro wap D
MOXHO DPa30HTb Ha KOHEYHOe YHCJO HernepeceKaolMXcs 4a-
cTedl TakUM 00pa3oM, YTO M3 3THX YacTell MOXXHO COCTaBHTb
ABa 1uapa Toro ke paguyca. TouHee, 6yaeM rOBOPHTb, YTO
MHoxectBa X, ..., X, oOpa3yior pa3bueHue MHoxecTBa P,
€C/IM OHH ABJAIOTCA MOJAMHOXECTBaMH MHOXecTBa P u no6as
TOYKa P nmpuHamIexxuT poBHO ofHOMY H3 Hux. (Hpyrumu cio-
BaMH, 3T0 o3Hayaer, uro X,U,...UX,=P u X,NX; =
npu i==j.) HanomuuM Takke, uro MHOoxectBa A u B Touek
(TpexMepHOro) NPOCTPAHCTBAa HA3bIBAKTCHA KOHSPYIHMHbLIMU,
ec/Id CYLIeCTByeT B3aHMHO OHO3HAYHOe Mpeofpa3oBaHHe MpPo-
CTPaHCTBa, COXpaHsIollee PpaccTOsiHUA M nepeBoisiulee A
B B. Tenepb pesynbrar Banaxa — Tapckoro MoxHo copmy-
JHUpOBaTb TaK: CYLECTBYIOT Takoe pasbHeHue Ay, ..., A,
wapa D eaMHHyHOro  pajMyca u Takue MHoxectBa Bi,...,
By,, uro A; koHrpysHtHo B; npu mobom (=1, 2, ..., 12,
MHOXecTBa B, ..., B4 o6pa3ylor pa36ueHue HeKOTOpoOro Lia-
pa D’ enuHuuHoro paaMyca, a MHoxectBa B, ..., B, Takxe
o6pasyioT pasbueHHe HeKoToporo wapa D'’ eauHuyHoro pa-
auyca. (Ecnin B npenbiayuiell ¢pase 3ameHuth «Bj, ..., Be»
Ha «By, ..., Bp, a «B,, ..., By Ha «B g, ..., Byy», To nonyuato-
meecsi yTBEPXKAEHHE TaKXKe OKaXKeTCs ClpaBelHBbIM.)

Ha nepBblii B3rasa Kaxercs, yTo Takoro He GbiBaer. Benb
o6bem wapa D no/mkeH GbiTh paBeH cyMme 06beMoB yacteid A,
..., A1y, HIH, YTO TO XKe, cyMMe 0GbeMoB yactedl By, ..., By,.
Ho sta cymma paBHa ynBoeHHOMY 06BeMy equHHYHOro uapal
Ieno, onHako, B TOM, 4To HEKOTopble U3 yacTeil A, u B; ycrtpo-
€Hbl TaK CJIOXHO, YTO He HMEIOT HHMKaKoro obpema. IJTO He
O3HayaeT, Yto MX 0OBEM paBeH HYJIO, a O3HAYaeT, 4TO rOBO-
pUTb 06 uX obGbeme GeccMbicieHHO. Kak roBopsiT, HeKOTopble
u3 MHOXecTB A; U B; HenamepuMsl. JloKa3aTeNbCTBO CYLIECT-
BOBaHHs HEH3MEPHMbIX MHOXECTB CYLIECTBEHHO OMHpaeTcss Ha
akcioMy BbiGopa. MoXXHO HoKa3arb, yTo Ge3 ee MOMOLLH IO-
CTPOHTb HEH3MEpPHMOE MHOXECTBO (a TOYHee, N0Ka3aTb €ro
CYLIECTBOBAHHE) HEBO3MOXHO.

Akcuoma BbiGopa MMeeT H Apyrue CJIeICTBHS, KaxKyliuecs
napajokcajibHeiMH., TaK Helb3ss JiM OT Hee OTKa3aThCsi?
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Moxer 6biTb, OHa HY>KHA TOJIbKO AJIAA MOCTPOEHUSI «MOHCTPOB»
(MOROGHBIX PAcCMOTPEHHOMY TOJBKO HYTO paz6HeHHIo Liapa)
M B OObIYHOM MaTeMaTHYECKOH NpaKTHKe He MNpHMeHseTcs?
K coxanenuio, 3to He tak. Hanpumep, 6e3 ncnosnb3oBaHHS
aKCHOMBI BHIGOpA HeNb3sl JOKa3aTh, YTO 00beHHEHHEe CYETHOTO
YHCJIa CYETHBIX MHOXKECTB CueTHO. be3 Hee Henb3s Ja)ke AOKa-
3aTh, YTO MHOXECTBO JEHCTBMTENbHLIX YHCEJ HEBO3MOXHO
NpeiCTaBUTh B BiHA€ OOBeIHHEHHS CYETHOrO YHCJA CUETHBIX
muoxectB (cM. [1, vacty II, c. 39]), a Benp ecan Gbl Takoe
npejicTaBleHHe OblIO BO3MOXKHBIM, BCSl TEOpPHsS Mepbl H HH-
terpana (J/leGera) okasajacb paspyLUeHHOI.

YKaxkeM HeKOTOpble ApYrde NpUMeHeHHsi aKCHOMbI BbiGopa
B MaTeMaTHKe, B YaCTHOCTH B MaTeMaTHuecKom aHanuse. Ha-
MNOMHHM OMpeJie/leHHe HenpephIBHOCTH (YHKUMI C JNeHCTBH-
TeJbHbIMH apryMeHTaMH W 3HaueHUsiMH. B craHAapTHBIX Kyp-
cax NPHBOASATCA NBa BapHaHTa Takoro onpejeneHusi. [lepBbii
U3 HUX — onpejieieHHe HenpepbliBHOCTH no Kowu — rjacur
cienytouiee:

¢YHKUMSA f ¢ AeACTBHTENbHBIMH apryMEHTaMH W 3HAuyeHHs -
MH Ha3blBaeTCsl HenpepblBHOH B TOYKE @, €CJIH JJIsi BCSAKOrO
£>0 MoxHO HailTH Takoe 6 >0, yto ans Jw6oro xER, nns
KoToporo |x—al|<<0, BbimonHsiercsi HepaBeHCTBO |f(x)—f(a)|<<
<&,

Bropoe onpenenenne (no IeifiHe) rmacut:

¢yHKuMsA f ¢ AeACTBUTENbHBIMH aprymMeHTaMH H 3HaueHHs-
MH Ha3blBaeTCsi HEMpephIBHOH B TOYKE @, €cad ANs JioGoH
NoCJ/Ie0BATENbHOCTH YHCEN Xy, Xy, ..., CXOAslIeHCA K a, nocje-
JIOBaTebHOCTL f(xX,), f(x;), ... cxomutesa K f(a).

Hecnoxnoe paccysknenue, npuBoaumoe B GOJBIIHHCTBE
KYpPCOB MaTeMaTHYeCKOYO aHalu3a, MOKAa3blBaeT, YTO 3TH
onpefieleHHs1 3KBHBaJEeHTHbl. Mbl He GyneM BOCHPOH3BOLHTH
STOro  paccyXIeHHs 3Jecb, HO OTMETHM, YTO, HECMOTpS Ha
CBOIO NPOCTOTY, OHO CYILUECTBEHHO HCIOJb3YyeT AKCHOMY Bbl-
6opa. (dta aKcHOMa HMCMOJIb3yeTcsi, KOTrJa Mbl, MPeATNONOXKHB,
4TO (DYHKUHSA He SBJSETCS HenpepbiBHOH B CMBbIC/IE ONpejeJe-
HHa Kowwm, cTpouM cxopsuiyrocs K a NOC/IeN0BaTeIbHOCTh
Xo, X1, ..., TAKYIO, YTO TOJYYeHHAst M3 Hee MOCJENOBaTE/b-
HOCTb f(%y), f(xy), ... He cxomuTcss K f(a).) MoxkHO HOKa3ath,
YTO HCMOJNb30BaHHE AKCHOMBbI BhIGOpPA B 3TOM pacCyXAeHHH
YCTPAHHTb HeJb3A. h

AHajorMyHasi CHUTyalusi MMeeT MeCTO C RBYMs olpejeJe-
HHUAMH Npefle/IbHOM TOYKH MHOXKeCTBa (OJHO — yepe3 OKpecT-
HOCTH, Jpyroe — yepe3 noc/jel0BaTeJbHOCTH): HX SKBHBAJIEHT-
HOCTb He/lb3fl J0Ka3aTb, He MOJb3ysCb aKCHOMOH BbIGopa.
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STH npuMepbl NOKA3LIBAIOT, YTO B CaMhIX MPOCTLIX H OOLI-
JCHHBIX PACCYXAEHHAX H3 CTaHAAPTHOro y4YeGHHKa BbiCIIEi
MaTeMaTHKH MOXET BCTPETHTbCS HeyCTpaHHMOE HCIOJIb30Ba-
HHe aKcHoMbl Bbi6opa. [lpuBeneM elne HeCKOMIbKO MPHMEPOB
TeopeM, KOTOpble Heslb3si I0Ka3aTbh 6e3 akCHOMBI BbiGopa. drtu
TEOPEMBbl OTHOCATCS K YYTb MeHee H3BECTHBbIM 06JacTsAM Mare-
MaTHKH, HO TaKXe OYeHb ynorpeGuTenbHbl. Mbl He GylaeM 00b-
AICHATb 3HAYEHHS TEPMHHOB, BXOJALMX B HX (GOPMYJHPOBKH:
y¥TaTe/ b, HE MOHHMAIOUIMH HEKOTOPHIX H3 HHUX, MOXKET CIO-
KOHHO NPONYCTHTb 3TH NpPHMEPHI.

[lepBasi H3 3THX TeopeM yTBepXKAaeT, YTO Ji060e BEKTOpHOE
npocrpaHcTBo HMeer 6a3zuc. Ee pokasarenbctBo (ans obuero,
He 00s3aTe/lbHO KOHEYHOMEpPHOro, CJyyasl) CYLIECTBEHHO HC-
Mo/Mb3yeT aKCHOMY BbIOOpa; MOXHO JHoKa3aTh, 4Tto 6e3 HC-
MOJIb30BaHHA 3TOM AKCHOMbI OGOHTHUCH HeJIb3sl.

Bropas Teopema rsacur, uro Jio6Gble ABa 6asuca ORHOrO
H TOTO K€ BEKTOPHOIO MPOCTPAHCTBa HMEIOT OJAHHAKOBYIO MOLL-
HocTb. O ee J0Ka3aTesNbCTBE MOXKHO CKa3aTb TO Ke CaMoe.

Tperbsa: no6oe nosne uMeer anreGpaHyecKoe 3aMblKaHHE.
M 31y TeopeMy (upe3BblyaiiHO CylLIeCTBEHHYH B aJnre6pe)
HeJb3sl A0Kas3aTb, He HCMOJb3Yys aKCHOMBI BhIGOpa.

Mzul MHOTO pa3 roBOpPHJIM O TOM, YTO HEKOTOPLIE yTBEpIKIE-
HHsl HeNb3sl J0Ka3aTb, He MCMOJb3ysl akcHoMmy BbiGopa. Bo
H3bexxaHHe HelopasyMeHHH CQOpMyHpPYeM TOYHO, YTO Mbl
NpH 3TOM HMeJH B BHAY. PaccMoTpuM o6bluHyl0 akcHOMarnye-
CKYIO CHCTEMY /ISl TEOPHH MHOXeCTB (KOTopasi Ha3blBaeTcs
cucremoii llepmeno — dpeHKesss u omnucaHa, Hampumep, B
[1, yactb II1) u uckIOUHM M3 Hee akcHOMY BhiGopa, He 106GaB-
Jsil NpH 3TOM HHUKaKHX NPYrux akcuHon: I'oBops o TOM, 4TO
HEKOTOPOe YTBepXKJeHHe He MOXeT.GbiThb [0Ka3aHO 06e3 Hc-
MOJIb30Ballisl aKCHOMBI BbIOOPA, Mbl MMeJNH B BHAY, YTO OHO
He MOXeT ObITb NOJNYYeHO B YMOMSAHYTOH «ype3aHHOi» cHcTeme
aKCHOM.

M3 ckasanHOro sCHO, YTO HCKJ/IOYeHHEe aKCHOMBI BbIOOpPA
M3 CMHCKA aKCHOM TEOPHH MHOXECTB TNPHBEJAET K Pa3PYLUEHHIO
3HauyMTENbHOM YacTH COBPEMEHHOro  MareMaTHYecKoro 3Ha-
HHsA. K 3TOMy MOXHO OTHOCHTbCSI ABOSIKMM o6pa3oM. Moxuo
CYUTaTh, YTO BCE PAaBHO HYXKHO OTKAa3aTbCsl OT aKCHOMBI Bbl-
Gopa, a To, YTO MPH 3TOM YacCTb MaTeMaTHKH MOrHGHET, CBHC-
TeJILCTBYET JIHIIb O TOM, YTO 3Ta YacThb €CTh NMOPOKAeHHe GOJlb-
HOil (haHTa3uH, ypONJIHBBIA HApoCT, ylajeHHe KOTOPOro He
TOJIbKO He MOBPeNUT MaTeMaTHKe, HO H XKH3HEHHO HeOGX0AHMO.
B mnacrosiuiee BpeMs, OAHAKO, Bo3o6aajana Ipyrasi TOYKa
3peuns. CorsiacHo efi  axcHoMmy Bbi6opa HY:KHO NMPHHSATb, MO-
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CKOJIbKY [MOCJie 3TOro [0JYYaloTCsl KPacHBble W MoJie3lible
MaTeMaTHYeCKHe TEOpHH, a MHOTHE pacCyXKAeHHsl CTaHOBSITCS
npouue. [Toxkany#, eJMHCTBEHIIBIM HEOMPOBEPXKHUMBIM apryMeH-
TOM MpPOTHB TakOH TOYKH 3peHHs MOFJIO GbITb TOJIBKO 0Olia-
pYKeHHe MPOTHBOpEYHS, BHITEKAIOLIEr0 H3 aKCHOMBI BbIOOpA.
Jlpyrumu cioBamu, eciu Obl yAajdocb R0Ka3aTb, YTO aKCHOMA
BbIGOpa JIOXKHA, OT Hee MpHULIOCh Gbl BoJIEii-HeBOJIeH OTKa-
3atbesi. Ho, K cyacTbio (WM K COXKaJleHHI0), TAKOro CJAYyYilThCH
He MoeT. J1o fokasan Kypr [eaenb, aBTOp 3HaMeHHTHIX
«teopeM [epenst» (0 «moOMHOTE HCYHC/IEHIS] NpPELUKATOB», O
«HenoJIHoTe (OpMaNbHBIX CHCTEM» H O KHEBO3MOXHOCTH JO-
Ka3aTenbCTBA HENPOTHBOPEYHUBOCTH (OPMaJbHOA  CHCTEMBI
BHYTPH 3TOH cHcTeMbl»). PaccmaTpuBaeMblii HaMH pe3yJibTaT
lenens He Tak LIMPOKO H3BecTeH, HO BecbMa BaxkeH. Cdop-
MyaHpyem ero GoJee ToyHo. IlycTb B TEOpHH MHOMKECTB C
aKcHoMoill BLIGOpa yaasoch BBIBECTH NpPOTHBOpeuHe (T. €. 10-
Ka3aTb OJHOBpEMEHHO M HEKOTOpYylo (opMyJay H ee oTpHla-
HHe). Torna To ke caMoe MOXHO CHeslaTb, H He MOJb3ysCh
aKCHOMOH Bbl6Opa. I3TOT pe3yJbTaT O3HaYyaeT, YTO aKCHOMa
BBIGOpPAa He YBEJHYMBAET OMAaCHOCTH MPHATH K MPOTHBOPEYHIO:
ec/IH TaKoe MPOTHBOpeYHe H ecTb, TO aKCHoMa BhIGOpa B HeM
He BHHOBaTal

Tak unn uHaye B COBPEMEHHOH MaTeMaTHKE CJOXHJIOCh
TaKoe MOJIOXKEHIe, YTO «3a HCK/IOYEHHEM CMeLHaNuCTOB B
OCHOBaHMAX, paboTalollHe MaTeMaTHKH CeroiHs IOYTH He
CKJIOHHBl BOCMpPHHHMATb 3TH COMHEHHsI» (COMHEHHS B HCTHH-
HOCTH aKCHOMBbl Bbl6Opa; uHTara B3sita U3 KHurd 10. K. Ma-
uuHa [7], c. 110).

OrmMerum eie ofue (AaKT, KOTOPLIH MOXHO paccMaTpHBaTh
KaK apryMeHT B NOJIb3¥ NPHHATHA aKCHOMbI BbiGopa.

[MpeacraBum cebe, 4TO HAaC HHTEPECYIOT JIHIIb yTBEpXKJIe-
HHA O HaTypaJbHBIX YHcaax (MOAOGHBIE, HampHMep, H3BECT-
Hoit runotese ®epMa HJIH YTBEPKICHHIO O CYLIECTBOBaHMH
HEYETHBIX COBEpLIEHHBbIX yucesn). Mpl mpepnosaraeM, yro pac-
CMaTpuBaeMble YTBepXKIEHHS He COJep:KaT YNOMHHAaHHH HH-
Kakux MHoxecTB, ¢yHkuuit U 1. 1. [oBOpsA TOYHO, 3TH YT-
BepKAEHHsA JOJIKHBI BbIpakaTbCsl (OpMYJaMH «s3blKa apud-
METHKH», T. €. s13blKa, COJeplKalllero HarypaJbHble YHCaa,
nepeMeHHble, npoberailiie HaTypa/bHbli psl, apHdmeTHye-
CKHe onepalHH (CNOXKeHHe H YMHOXKEHHe) H JIOTHYeCKHe 3Ha-
KH (¢H», «HJIH», ¢HE»), KBAHTOPBI («AJIS1 BCEX» H (CYLIECTBYET).
O6a npuBefeHHBbIX BbILE NpHMepa YTBEPXAEHHI O HaTypasb-
HBIX YHCJaX MOryT ObITb 3anucaHbl B BHIAE (oOpMyJ 3TOro
fA3blKa.
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Hrak, MBI paccmaTpuBaeM JIHIIb «YHCTO apH(MeTHYECKHE»
(B yKazaHHOM cMbicie) yTBepxkaeHusi. OIHaKo NpH UX NoKasa-
TeJbCTBE Mbl He OrpaHuyuBaeM cebs B CPelCTBax H CBOOGOZHO
NO/Ib3yeMCsl BCEM apCeHaJIoM COBPEMEHHOH TEOPHH MHOXECTB
(c akcuomoit Beibopa HH Ge3 Hee). TOT MOAXOA THMHYEH AJS
aHaJIMTHYeCKOH TEOPHH YHCes, KOTOpasi, HanpHMep, MpH H3y-
YeHHH pacrpeleseHHsl MPOCTbIX YHCeN CPeAH HaTypasbHbIX
MOCTOSIHHO IMOJIb3yeTCs TaK Ha3biBaeMoH  JA3eTa-QyHKuuedH
Pumana. Tak BOT, YTO H3MeHMTCS, €CJH MBI MO3BOJHM cebe
noJb30BaThCsl akcHoMoi BbiGopa? CyllecTBYIOT JIH KaKue-
HUOYIb YTBepXK/eHHS1 O CBOHCTBaX HATypaJbHbIX 4YHCeJN, KO-
TOpble HeJb3sl J0Ka3aTb, He M0Jb3ysAch aKCHOMO# Bbi6opa, HO
MOXHO J0Ka3aTb C ee mpuMeHeHueM? M3 pesynbrara Iepens
OTHOCHTEJNbHO aKCHOMBI BbIGOpa (TOYHee, M3 MeToia NOKa3a-
TEJbCTBA 3TOrO pe3y/bTaTa) BLITEKAET, YTO TAaKHX yTBEpXKie-
HHI HeT: BCSIKOe CBOHCTBO HATYpPaJIbHBIX YHCEJN, KOTOPOE MOX-
HO JI0Ka3aTh C MOMOLIbIO aKCHOMbI BbIGOpa, MOXHO J0Ka3aTb
H 6e3 Hee. DTO NO3BOJISET paccMaTPHBAThb aKCHOMY Bbi6opa
KaK BCIOMOraTe/IbHOe CpeACTBO, KOTOpPOE HYXKHO TOJIBKO A/l
yOpolLeHHsT [J0Ka3aTeJqbCTB, HO KOTOpPOe B JIOGOH MOMEHT
MOXeT GHITb yCTpaHeHO (UeHOH YC/IOXXHEeHHs J0Ka3aTelbCTBa).

BepHeMcss Temepb K HalleMy HeTPHBHANBHOMY YJbTpa-
GuUIbTPY Ha MHOXeCTBe HaTypasbHbIX yHcea. C mnoMmolubio
aKCHOMBbl BbIOpa HETPYAHO JH0Ka3aTb €ro CyILIECTBOBaHHE.
I'py6o roBopsi, uaes 3TOro JoKas3areJbCTBa COCTOMT B CJle-
nytouieM. HauneM ¢ Toro, 4to (B COOTBETCTBHH C OnpejieJIeHHeM
yJAbTpapUAbTPa) O6GBABHM BCE KOHEYHbIE MHOXECTBA MaJbIMH,
a Bce MHOXXECTBA C KOHEYHBLIMH JAOMONHEHUSAMH — GOJBIIHMH.
[Ipu 3ToM, pasymeercsi, Mbl He MOJYYHM YJbTpadHABTpA: Ha-
npuMep, MHOXECTBO YETHBIX YHcesl He OyldeT OOBABIEHO HH
MasbiM, HU 6GoabwiHM. TyT M nmposiBasieTcss HEOLHO3HaYHOCThb
Halllero NOCTPOEHHs: HHYTO He MellaeT OObABHTD ero GOMbILHM,
HO HMYTO He MellaeT OOBbSABUTb €ro H MajbiM. [IpuMeM KaKoe-
TO OMpejesieHHOe pelLleHHe: MyCTb, HaMmpUMep, MHOXECTBO YeT-
HbIX HaTypajbHbIX yucen Gosbwoe. COrJIaCHBIUHCh C 3THM,
Mbl HEeH36EXKHO JOJ/IXKHBI CYMTaTb HEKOTOpbIE APYrHE MHOMECT-
Ba GoablIMMH (HanpuMep, J060€ MHOMXECTBO, COAepKallee
BCE UETHHIe HaTypaJsibHble YHC/a), a HEKOTOpPble MHOXECTBA Mbl
HeH36eXHO JO/KHbI CYHTAThb MajbIMH (HampuMmep, MHOXECTBO
Bcex HeyeTHbIX uyuces). Ho cHoBa ocraHyTcs MHOXecTBa, Nnpo
KOTOpble Mbl HE MOXEM CKa3aTb, KakuMu oHM Gyayr. Hanpu-
Mep, MHOXECTBO HATYpaJbHbIX YHces, AeJsIiuXcs Ha 3, MO-
XKeT ObiTb KaK GOJIbIIMM, TaK M MajbiM. Mbl CHOBa JO/XKHBI
1o ero noBoAy NMPHHATb ONHO M3 AByX peweHuit. M Tak nanee.
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Ec/ii noBTOpATb 3TOT MpolEcC «GeCKOHEYHO H0Jro» (Kak ro-
BOPAT, TPaHCPHHHTHOE YHC/IO pas), Mbl «B KOHLE KOHLOB»
pack/JaccuHULUUpyeM Bce MHOXECTBA Ha O6oJbluiMe H MaJjble,
T. €. NOCTPOMM WHTEPEeCYyIOHH HacC HeTPUBHA/bHhLIH YJbTpa-
(uAbTp Ha MHOXeCTBe HaTypasbHBIX 4YHCE.

IMoguepkHem elle pa3, 4TO Bce CKa3aHHOe MpEACTaBJsET
coGoii He Gosiee yeM o4yeHb rpyGhIi H NPHOGMH3HTENbHBIA Ha-
OpOCOK J10Ka3aTesbCTBA CYLIECTBOBAHHS HETPHBHAJILHOIO YJb-
tpadunbrpa. ITonHoe H3/0XKEHHe 3TOro JOKa3areabCTBa MOX-
HO HaWTH, Hanpumep, B § 2 ri1. 1 ynoMuHaBleiics HaMH KHHIH
Maptina [esuca (3],

Ho yxe B HaiieM HaGpocke BHIHA pOJib aKCHOMBI BbiGopa
NpH 3TOM [0Ka3aTeNbCTBE: KaX{AblH pa3 Mbl JOJKHBI BHIGPATh
MHOXECTBO, He OTHECEHHOe MOKa HH K MaJlbiM, HH K GOJIbLUMM,
M NPHHATb MO €ro NoBOAY KAaKOe-TO pelueHHe; NMPH 3TOM HH-
KaKOro npaBuJ/ia, onpejesisiiolero nopsaoK BLI60Opa MHOXKECTB,
y Hac Her.

Ha s1oM MbI 3aKkaHuKBaeM o6cy2KeHue 110Js1 THnepAeCcTBH-
TeJIbHBIX YHCEJ, CTPOAILLErocs C MOMOLBIO YJIbTPadHUAbTPOB.
OtMmeTuM elile pa3, YTO 3TO HE eHHCTBEHHbIH BO3MOXHBIH CNO-
co6 NOCTPOeHHsl TAaKOro MnoJjsi, HO Bce Apyrue crnocobbl ero
NOCTPOEHHS TaKXKe MCIIOJb3YIOT B TOH HJIH HHOIl dopme aKcHO-
My Bbi6opa. B cnenyiouieM naparpade Mbl paccCMOTPHM Mo-
CTPOEHHE MOoJNs rHnepAeHCTBUTEIbHbIX YHCEJN C MOMOLLbIO TEo-
peMbl KOMMAaKTHOCTH M OGCYLHM, I'ie B 3TOM HOCTPOEHHH HC-
NoJb3yeTcsi akKcHoma BhIGOpa.

§ 8. NOCTPOEHHE NONsA
MNEPAEACTBUTESIbHBLIX YUCEN C NMOMOLLIBIO
TEOPEMbl KOMMAKTHOCTH

B stom naparpage Mbl paccMoTpHM Apyroit (OTVIMYHBEIA OT
paso6paHHoro B § 6) MeTOL NMOCTPOEHHS MOJsS THNEpAEHCTBH-
TeJbHHIX YHCeJ, 06J1ajaoulero Hy>HbiMH cBoiictBamu. (Kakue
HMEHHO CBOHCTBAa HaM HYXXHbI, Mbl o6cyxianu B §4 u 5.)
Ho npexae Mbl JOMXKHBI MOTOBOPHTb O HEKOTOPBIX OOLLENO-
THYECKHX MOHATHAX. IMEHHO Mbl JO/KHBI 06CYIHTh MOHATHE
JIOTHYECKOro fI3blKa H MOHATHE HHTEPNpETallHH 3TOro s3blKa,
Mbl, no cyuectsy, ye CTaJKHBAJHUCb C 3THMH NOHATHAMH
BbIlUe; HanpuMmep, B § 5 NpH 06CYXAEHHH NPHHUHKNA NepeHoca
peub wWJa o ABYX MHTEpIPETaUHAX (CTAHZApPTHOH H HeCTaH-
NapTHOH) HekoToporo si3blKa. (B aToM naparpadge mMbl yToyHHM
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CKa3aHHoe B §5 u nagum Gosee TOYHYIO  (OPMYJHPOBKY
npuHuMna mnepeHoca.) B § 6, roBops o pesyabrarax [épens,
CBfI3aHHBIX C aKCHOMOH BbIGOpa, Mbl FOBOPHJIH 06 yTBepxKjie-
HHAX, 3aAHChIBa€MbIX Ha si3blKe ApH(PMETHKH.

Ceityac MBI paccMOTpHM oflLliee MOHATHE OXHOCOPTHOrO
f3plka mepBoro nopsiaka. ([TockonbKy Mbl He 6ylneM roBo-
pUTb O JpPYrHX THNax s3blKOB, Mbl OyleM ONycKaTh CJ0Ba
¢OQHOCOPTHBIA» H «MepBOro MOpsiAKa».)

[Tyctb ¢ukcupoBan HaGop cumBosoB {P, Q, ...}, anemeH-
Tbl KOTOPOro Mbl GYlieM Ha3biBaTh NpeduKkamubimu CUMBONAMU,
u Habop {f, g, ...}, 3nemMeHTH KOTOpPOro Mbl GyleM HasbiBaTh
pynkyuoraroHoimy  cumsoramu. TlycTb KaxkAoMy MpeaHKar-
HOMY H Ka)KAOMY (YHKLHOHaJbHOMY CHMBOJYy COIMNOCTaBJIEHO
HEKOTOpOe HATYpaJbHOE YHCJO, Ha3blBAEMOE HUCAOM ap2yMeH-
mos, WU 6aNeHMHOCMbI0, COOTBETCTBYIOIEro cHMBoJa. B ra-
KOM CJyyae roBOpSIT, YTO 3aJaH HEKOTOpbIH f3b/K (TOuHee,
OJHOCOPTHBIH 3bIK NepBOro MOpsAKa).

OnpenenyM Tenepb MNOHATHE (hopmyabt AAHHOTO A3bIKA.
[pexxne uem naBaTb QopmajbHOE omnpejeneHHe, NMPHBEIEM
HECKOJIbKO nmpHMepoB ¢opMysi. T1ycTb fI3bIK COAEPKHT MpeaH-
KaTHble cuMBosbl P, Q, R c uucaom aprymentoB 0, 1, 2 co-
OTBETCTBEHHO M (YHKIHOHAJIbHbIE CHMBOMBI f, g, A Takxke ¢
yucnom aprymentoB 0, 1, 2 coorBerctBeHHo. Toraa ¢opmyaa-
MH 3TOro fidblka OyAyT, HampHMep, TaKHe 3HAKOCOYETaHHS:

v x(Q(x)= R(x, x))
@yR(x, y) = Q) N\Q(w)))
v x(f=g(x))
3x(h(x, y)=h(h(x, x), &y)))
@ xR(x, ) \P)

(Bropast 13 3THx ¢opMmy., HanpuMep, YHTaeTCsl TaK: «EC/H
CYLIECTBYET TaKO€ y, YTO HMeeT MeCTo R OT X, y, TO HMEIOT
mecto Q of z u Q or w.)

Ecnn 3THX npHMepoB oKaxeTcsi AOCTaTOYHO, YTOObI CO3-
JaTb SICHOE MpeACTaBJIEHHE O MOHATHH (OPMYJBI, TO NoOCJe-
Aylollee TOYHOE orpejieleHHe 3TOro MOHSATHS MOXHO CMeJo
nponyctiTb. TeM He meHee Mbl JafuM ero. BriGepem u 3adux-
cHpyeM GECKOHEYHYIO MO0CJ/Ie10BaTeNbHOCTh CHMBOJIOB, Ha3bl-
BaeMblX nepemeHHbIMH. [TycTb 3TO GyayT, Hanpumep, CHMBOJBI
X, 4,2 u,0, W, X, ... OnpejesiumM BHauaje MNOHATHE mepma.
Hwvenno (T1) mobas nepemMeHHas u M0GoH (GYyHKUHOHAJbHbIH
CHMBOJ C HYJIeM apryMelToB CyTh T€PMbI;

(T2) ecnu Tepmbl ¢, ..., £, yxe nmocTpoeHbl, a f — ¢yHKLHO-
Ha/IbHbI CHMBOJI C /M apryMeHTaMH, TO BbipaKeHHe
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f(ty,....,t,) €cTb Tepm.

TepmaMH Ha3biBalOTCS T€ W TOJBKO T€ BhIpaXeHHs, KOTO-
pble MOXHO TMOJYYHTb NyTeM MHOTOKPAaTHOTO NPUMEHEHHS
npasun (T1) u (T2). Hanpumep, BbIpaxkeHHs

x, f, ), h(x, y), h(h(x, x), gy))
aBasiorca TepMamd. OnpeneauM Tenepb NOHATHE Q)opmym:l
caenytouM obpas3om:
(®1) ecnu t u s — tepmbl, TO ({=s) — dopmyaa; (P2) ecau
t, ..., t,, — TepMbl, a P — npeauKarHulii cHMBOJ C m apry-
MeHTaMmH, To P (¢,, ..., t,) — dopMmysa; ecin P — npenukar-
HBIi CHMBOJI C HyJleM apryMeHTOB, To P — ¢opmyJa;
(®3) ecin Pu Q—dopmyanl, o~ 1P, (PAQ), (PV/Q), (P=Q)
(uutaerca: «ue P», «P u Qv, «Puau Q», «eciu P, To Q») —
dopmy.Jibl;
(®4) ecnu P — dopmyna, a & — nepemenHass, To v EP H
3 EP (uuraercsi: «1/a BceX § BepHO P» U «CylecTBYeT TaKoe
E, uro P») — dopmyabl.

®dopMy/1aMH Ha3bIBAaIOTCSA T€ M TOJbKO Te BblpakeHHH, KO-
TOpble MOXHO MOJNYYHTb NyTeM MHOI'OKPAaTHOro NpHMEeHEHHs
npaBua (P1l) — (d4).

Hrak, noustue ¢opmysbl onpeneneHo. Tenepb Mbl XOTHM
06CYAHTb, KaKoH cMbica mnpuaaerca ¢opmynaam. as storo
HYXKHO MNpexJe BCero NpHiath CMbICJA BXOASLIHM B HHX Mmpe-
IUKATHBIM H (QYHKUHOHA/bHbIM CHMBoJaM. MIMeHHO, KaxaoMy
NpeHKaTHOMY CHMBOJY C YHCJOM apryMEHTOB m HYXHO
NOCTaBUTb B COOTBETCTBHE /-MECTHBIH NpeAuKaT, a KaXIoMy
(GYHKUHOHATBHOMY CHMBOJIY C YMCJIOM apryMeHTOB m — He-
KOTOpYIO m-MecTHYI0 pyHKuHIo. (Bce aTh npeaukartel u QyHK-
UMH JOJIXKHbBI, KOHEYHO, ObITb 3aJaHbl Ha OJHOM M TOM XK€
MmHokecTBe.) Eciin 310 cpesnaHo, To roBopsT, YTO 3ajaHa MH-
TeprnpeTauus a3blka. TouyHee, MycTb HMeETCS HEKOTOPbIH A3bIK
L ¢ npenukatHbiMH cuMBoJamu {P, Q, ...} u dyHKuHOHAMb-
HbiMH cumBosamd {f, g, ...}. Onpenenutb uHTepnperauxio
A3blka L o03Havaert:

1) BbIGpaThb HEKOTOpOE MHOXecTBO M — HOCHTeJNb HH-
TeprpeTauuH;

2) ¢ KaXIbIM NMpPEeIHKATHBIM CHMBOJIOM P BaJleHTHOCTH m
COMOCTaBHTb HEKOTOPBIH m-MECTHBIA NpEeRHKaT, T.e. HeKOoTo-
pyto ¢yHkumio P, aprymeHTamMH KOTODOH ABJISIOTCH KOPTEXKH
(= KoHeuHble MOC/IEAOBATENLHOCTH) H3 M1 3JIEMEHTOB MHOMECT-
Ba M, a 3HaueHusiMu — cumBosabl M (Mcthna) u JI (oXkb):
P: M"—{U, J1};
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3) ¢ KaxAbiM QYHKUHOHANLHBIM CUMBOJIOM f BaJIeHTHOCTH
k comocTaBHTb HEKOTOPYIO (QyHKUHIO f, CTaBsllyl0 B COOTBeT-
CTBHE JI06OH Kk-371€eMEHTHOH MOC/e10BaTeNbHOCTH 3JIEMEHTOB
M nexoropbiit snement M : f: M*—>M. (B 3tom onpeseneHuu
YHc/Ia m U k MOTYT ObITb PaBHbI HYJIO; QYHKLIHOHAIbHBIM CHM-
BOJIaM C HYJIEM apryMeHTOB MpPH HHTEPNpeTalHH JOJKHBI CO-
OTBETCTBOBaTb 3JeMeHThl M, a npegukaTHbIM — chMBosbl U
u JL)

UTo6bl OKOHYAaTeNbHO OMpeleNuTb CMbICA (GOpMYJ], Halo
OGBACHHTbL CMBICA APYTHX BXOAALMX B HHMX 3HakoB. Kak
NPaBHJIO, CMBICA HX SICEH W3 MX Ha3BaHHi. Mbl orpaHHYHMCs
T€M, YTO MpPHBEJEM HECKOJbKO NPHMEpPOB.

®opmyaa Q(x) yTBep>KIaer, YTO 3HAYEHHE NepeMeHHoH X
obsazaer cBoicTBoM, 0Go3HaueHHbIM uYepe3 Q. Bosee TouHo,
nycTb B JAHHOH HMTepnperauHH ¢ HocuteseM M cumBosay Q
cooTBeTCTBYeT (yHKuus Q c obnactbio onpefeneHHs M H
3Havenusamu M u JI; Toraa uctuHHocTb dopmyanl Q(x) (B 3roi
HHTepnperanuu) OYyAeT 3aBHCETb OT TOrO, KAaKoi 3/eMeHT
Xo EM B3AT B KauecTBe 3HaueHus nepemeHHoH x. MMenHo,
Q(x) Gyzer MCTHHHOM MpH X=X, TOJA H TOJNbKO TOrJa, KOraa
Q (x)=H.

AHanorMyHo UCTHHHOCTBL GopMmyabl h(x, x)=h(h(x, x), g(y))
3aBHCHT He TOJbKO OT BLIODAHHOH HHTEpnpeTalHH, HO H OT
3HaueHHH nNepeMeHHBbIX X U y. dt1a hopMmyJa GyJeT HCTHHHA NPH
X=X, U Y=Yy, €CJAH 3JeMeHTbl X, EM U Yy, EM TaKoBbI, 4TO
h(x()v x0)=h(h(x01 XO), g(yo))

PaccmorpuM Tenmepb ¢opmyay 3 xQ(x). Ee mHcTHHHOCTDB
yXKe He 3aBHCHT OT 3HaueHHsl X, a MOJIHOCTbIO onpeje/siercs
BbIGOpOM HHTepnperauud. KMeHHo, 3Ta ¢QopMmysa HCTHHHA
B JaHHOH HHTEpPNpeTaluH TOrAa U TOJAbKO TOrAa, Korjaa QyHK-
uus Q npuHHMaer 3HayeHue M xorsi 6bl HA ofHOM 3seMeHTe M.

HctuHHOCTD (opMyIbl

3 x(h(x, y)=h(h(x, x), gy)))

TaKXKe He 3aBHUCHT OT 3HaueHHsi nepeMeHHo#H x. Ee ncTHHHOCTD
NOJIHOCTBIO OnpejesisieTcsl BbIGOPOM HHTepMpeTauuH M 3Hauye-
HHUS nepeMeHHOH y.

M3 npuBeseHHbIX NMPHMEPOB SICHO BHAHO pa3jiMyHe MeXAy
«CBAI3AHHBIMH» H «CBOOOJHBIMH» BXOXIEHHSMH MepPeMEHHbIX.
Bxoxaenue nepemeHHo#l § Ha3blBaeTCsl C6A3QHHLIM, €CJIH OHO
nonajaer B 06jacTb JeiACTBHS kKBaHTOpa V¥ § wiaun 3 & B
NPOTHBHOM CJyyae OHO Ha3biBaeTcsi cBoGoAHbIM. Hanpumep,
B (opMmysne Q(x) BxoxieHHe MNepeMeHHON X CBOGOAHO, a B
tdopmyse 3 xQ(x) cBA3aHO. AHaJOrHYHO B (opMyse
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h(x, y)=h(h(x, x), gv))

BCE BXOXKIEHHSI NEepeMeHHbIX X H Yy CBOOOAHBI, B TO BpeMs
KaK B ¢opmyJe

ax(h(x, y)=h(h(x, x), &y))

BCE BXOXIEHHA MepeMEeHHOM X CBsi3aHbl, d MNepeMeHHoil Yy
No-npexHemy CBOOOJHbI.

HctuHHOCTD ¢opMys1 3aBUCHT OT BbiGOpa HHTEpNpeTaLHH
M OT 3HaueHWil MmepeMeHHbIX, BXOAAILHX B 3Ty (opMyJay CBO-
6oano. Ecau ¢opMyna He comepHT CBOGOAHBIX BXOXIEHHH
(kak, Hanpumep, ¢opmysa 3 xQ(x)), TO ee UCTHIIHOCTb 3aEBH-
CHT TOJIbKO OT BbiGopa uHTepnperauud. Popmyab si3bika, He
cojepKalllie CBOGOAHBIX BXOXAEHHI NepeMeHHbIX, Ha3blBaiOT
cymoenuamu JaHHOTO si3blka. Kak TOJbKO Mbl (pHKCHpOBAIH
KaKylO-TO HHTepNpeTallio f3blKa, BCe CYXJEHHsS pa3jesfiior-
Cfl Ha MUCTHHHBIE H JIOXKHBIE.

[Tonb3ysicb BBeJeHHLIMH TNOHATHSAMH, MBI MOXEM TOYHO
copMy/HpoBaTh NMpUHUMN NepeHoca. PaccmorpuM s3bik RL,
C KOTOPBIM Mbl TO3HAKOMMJIHCh Ha NpUMepax B § 5; Tenepb Mul
MOXeM ONHcaTb ero noApoGHee. ITOT S3bIK COAEPKHT CHMBO-
Jbl LIS BCeX MpPEeAHKaToB, ONMpejesieHHbIX Ha MHOXeCTBe Jei-
CTBHTE/JIbHBIX YHCET H HMEIOIMX MpPOHM3BOJbHOE YHCJIO apry-
MEHTOB (T. €. A/ BceX (pyHKuUMH, ompejeneHHbiXx Ha R* npu
HEKOTOPOM £ W npuHHMaioluXx 3HaueHus B {1, J1}; uepes R~
0003HayaeTcsi MHOXECTBO BCeX KopTexel W3 k JeHCTBHTe/b-
HbIX YHCes), a TaKe AJIs BceX JeHCTBHTENbHO3HAYHbIX (YHK-
UM OT JoGOro uMcsia JeHCTBUTENbHBIX aprymMeHToB (T. e.
Aansi Bcex (yHKUME ¢ oGnacTblo onpefeseHus R* npu Heko-
TopoM k2 > 0 u co 3HayeHusMu B R). B HaiueM si3bike, TaKuM
06pa3oM, HMEeTCsl OrpoMHOE KOJHYECTBO MpPEeJHKaTHbIX H
(YHKIHOHAJIBHBIX CHMBOJIOB (Il 3HAaTOKOB: HX YMCJIO PAaBHO
YHCJIY BCeX NOAMHOMXECTB KOHTHHyyMa). Kaxlomy cumBony
MbI TIPHUIHCHIBAEM YHCJIO aPTYMEHTOB (BaJ€HTHOCTb) eCTeCTBEH-
HbIM ob6pasoM. OTtveTHM 0C000 (GYHKUHOHA/NbHbIE CHUMBOJIBI C
YHCJIOM apryMeHTOB, PaBHBIM HYJIIO (MX HA3bIBAIOT TaK»Ke KOH-
CTaHTaMH): B HauleM s3blKe NI KaXKAOro AeHCTBHTENbHOro
YHC/Ia HUMEeTCS CBOSl KOHCTaHTaA.

Mbr ynotpeGuin B HallleM ONMHCaHHM He BIMOJIHE SICHBIH 060-
pOT: «a/s1 Kaxkaoro mpeaukara (1M QyHKIHH) B sI3blKe HMe-
ercs npeaukaTHblil (QYHKUMOHAbHBIH) CcHMBOMY. TOUHBIN
CMBbICJI €r0 TaKOB: Mbl BbIGHMPaeM MHOXECTBO MpeJHKaTHbIX
(dyHKUHOHAMBHLIX) CHMBOJIOB, HaxoAsieecs BO B3aHMHO-
0/HO3HaYHOM COOTBETCTBHH C MHOXECTBOM MpPENHKATOB ((pyHK-
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unit), 1 pukcupyem 3to coorsercTBie. COIIacHO 3TOMY COOT-
BETCTBHIO ONpeIeJsioTCsl Ba/J€eHTHOCTH CHMBOJIOB. TakuM 006-
pa3oM, (YHKUHOHAJbHBIE CHUMBOJIbI BaJ€HTHOCTH HYJb Haxo-
JATCA BO B3aHMHOOAHO3HAYHOM COOTBETCTBHH C «AeHCTBHTEJb-
HO3HaYHbLIMH QYHKLMAMH HYJs apryMeHTOB», T. €., NOMpPOCTY
roBopsi, C AeHCTBHTEJNbHLIMH YHCJIaMH.

Tenepp mbl, HaKOHel, MOXeM [aTb TOYHOE OINpelesieHHe
runepAeHCTBHTENILHOrO YHC/IOBOro mnoJss. PaccMoTpHUM cTaH-
AapTHYIO HHTEPNpeTalui0 OMHCAHHOrO TOJNBKO 4YTO $3bIKa
RL — 1y, B KOTOpOIl HOCHTENIEM SIBJISIETCS MHOXECTBO (CTaH-
JAapTHbIX) AeHCTBHUTENbHBIX YHMCEJN, a KaXKIbld NpeauKaTHbI
(pyHKUHOHAIBHBIN) CUMBOJ HHTEPNPETHPYETC COOTBETCTBYIO-
WHM npentkatom (pyHkuuei). OnHako a3blk RL MOXET HMETb
H apyrue uHteprnpetaunu. [IycTb B KaKOH-TO H3 HHX HCTHHHBI
T€ H TOJNBKO T€ CyXAeHHs s3blka RL, KOoTOpble HCTHHHBI B
cTaHjapTHoil HHTepnperauud. ITycte 9 — Takas HHTepnpe-
Tauus, P — HocuTesNb 3TOH HHTeprnperaunu. Bsenem Ha P
CTPYKTYPYy YNOpPsAOYEHHOro noJisi. STO Ae/aeTcsi Tak.

PaccMoTpuM AByXxmecTHbE (DYHKIHH «C/IOXKEHHE», «YMHO-
JKeHHe», «BbIUMTAHHE» M «Je/leHHe» Ha CTaHAApTHbIX AEHCTBH-
TeJMIbHbIX YHCJIaX, CONOCTABJAIOLINE C JIOOKIMH YHCJIAaMH X H Y
HX cymMy Xy, MpoH3BeleHUe X-Yy, Pa3HOCTb X—Yy H 4acCTHoe
x/y. Kak W BCAKHM (YHKUMSAM, HM COOTBETCTBYIOT CHMBOJIbI
sisblka RL; o6Go3nauum 3tH cumBosbl A, M, S u D. Bynem
CYHTATb, YTO (YHKUHS JeNeHHs x/y KaKHM-To o6pa3oM Jo-
onpeneseHa npu y=0, T. e. CTaBUT B COOTBETCTBHE Napam BHJA
<x, 0>>KaKHe-To uuc/ia (Bce paBHO KaKHe, Hamnpumep HyJb;
3T0 opMasibHOE fOONpeleseHHe HYXKHO, IOTOMY YTO B HalleM
SI3bIKe HMMEIOTCSl CHMBOJIBI JIMIIb A5 BCIOAY ONpeneeHHBIX
¢yHkuui). INycrs O 1 1 — cHMMBOJBI 13bIKA, COOTBETCTBYIOLLHE
yucnaM (= HyJabMecTHbIM ¢yHKuHsAM) O u 1. Kak u Bcem cum-
BoJaM s3blKa, cHMBosiaM A, M, S, D, 0 u | B uHTepnperau1u
&P COOTBETCTBYIOT HeKOoTOphie ¢yHKUHH. TakuMm o6pasoM, Ha
P Bo3HMKAIOT YeThlpe NBYXMeCTHbE QYHKUHH H 1BA BbIAEJeEH-
HbIX 3/eMeHTa. JloKaxeM, YTO 3TH (YHKLUHH YIOBJIETBOPAIOT
akcliomMaM 1o (OHH ObLIM mepeuHcseHbl B § 2) v TeM caMbiM
Ha P Bo3HuKaeT cTpyKrypa nonas. [loka3aTenbCcTBO 3TOro
oueHb MPOCTO. 3aMeTHM, YTO AKCHOMBbI MNOJS 3aMHCHIBAIOTCA
B BuJe CYyxAeHMH Hawero s3bika. Hanpumep, akcHoma au-
ctpuGytuBHocTH (8) M3 § 2 3anuceiBaercs Tak:

v xvyvzM(x, Ay, 2)=AM(, y), M(x, 2))

[unraerca: AJA BCE€X X, Y H Z BBHINOJHEHO PaBEHCTBO
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M(x, A(y, 2)=AM(x, y), M(x, 2))],
a CBOHCTBO (YHKuMH geneHus (9) — Tak:
v xv y(7(y=0)=> (M(y, D(x, y))=x))
[unraercsa: aas Bcex x u y u3 y+0 crenyer, uto
M(y, D(x, y))=x].

Bce cyxaeHusi, Bblpa)kaiolllié aKCHOMBI MOJISi, HCTHHHBI B
CTaHAapTHOH HHTeprperaunH. 3HAYHT (MO Haiiemy MpPeAnoJo-
JKEHHIO), OHH HCTHHHBI ¥ B HHTepnperauud P. Takum o6pa-
30M, P craHoBuTCA mojeM. AHa/JOrMu#HbIM 0o6pa3oM Ha P BBO-
JHTCS CTPYKTypa yNOPSIAOYEHHOIo MOJs: HYXHO PaccMOTPeTb
NpeAHKaTHbIi CHMBOJI, COOTBETCTBYIOUHI OOBLIYHOMY OTHOLLE-
HHIO «MeHblle» Ha JeHCTBHTENIbHbIX YHMC/IaX, U €ro 3HaueHHe
B HHTepnperaudd P. IT0 ynopsjoyeHHoe noJje He 00s3aHo,
0[lHaKo, ObITb apxHmelnoBbiM. ([les0 B TOM, 4TO, KakK Mbl yXe
rOBOPMJIH, aKcHoMa ApxuMela He MoOxeT ObITb 3anHcaHa B
BHJE CYXIEHHs Halllero si3bIKa.)

Tenepb Mbl B COCTOSIHHH TOYHO CKa3aTb, YTO Mbl Ha3blBaeM
runepAeficTBUTENbHBIMH yHcaaMH. VMeHHo, cucremoil rumep-
JeHCTBUTENbHBIX YHMCEN Ha3biBaeTcs JieGasi WHTepnperauus P
paccMOTpeHHOro sA3blka RL, B KOTOPOI HCTHHHBI T€ XK€ CyXJe-
HHS, YTO M B CTaHJapTHOH HHTepHpeTaLHH, HO AJs KOTOPOH
(B BO3HHKaIOLEM YMOPSJOYEHHOM MOJI€) He BBINOJHEHAa aKCHO-
Ma Apxumena. SneMeHTbl HOCHTeJsl 3TOH HHTeprnperauHH H
Ha3bIBAIOTCSl THMNEPAEACTBUTENbHBIMU YHCJAaMH. TakuM obpa-
30M, BO3MOXXHO MHOTO CHCTEM T'HNepAeHCTBHTEJNbHBIX YHCE
(oxasbiBaeTcsl, YTO pas3/HYHbIE CHCTEMbl MOTYT JaXK€ HMETb
pas/iHuHylo MotHocTb!). Has Hawux uesell roaurcs Jiobas
u3 Hux. B § 6 Mbl OTMeyanu, 4TO 3Ta HEOJAHO3HAYHOCTb HOCHT
NPHHUMNHAMBHBI XapaKTep: Ha CaMOM JieJie Mbl He MOXeM
fIBHO yKa3aTb HH OJHOrO KOHKPETHOro MpuMepa CHCTEMbI TIH-
nepAeiCTBUTE/IbHBIX YHCE.

BepHeMcs Temepb K OCHOBHO#M LieJiM 3Toro maparpaga —
MOCTPOEHHIO CHCTEMbl THMEPAEHCTBUTENBHBIX YHCea C Io-
MOLUbIO METOJOB MaTeMaTHYeCKOH JIOTHKH.

Bpenem npenpapuTenbHo HecKoabKo noustHil. IlycTh duk-
cHpoBaH Hekortopblii f3blk L. Ilyctb T — HekoTOpoe MHO-
XKECTBO CYXAEHUH 3TOro s3blka. DyleM TrOBOPHUTb, YTO HH-
Tepnperauuss P sspika L sBasercs Mojenbio T, ecau Bce
cyxkaenuus u3 T uctuHHbl B . Bo3bMem B kauectBe L pac-
CMOTPEHHBIH Bblille A3bIK RL (C cMMBosaMH AJISl BCeX MpeaHKa-
ToB U (pyHKuuii Ha R), B kauectBe T — MHoOxecTBO Ir Bcex
CYXJEHHH 3TOro s3blKa, UCTHHHLIX B CTAHAAPTHOH ero HHTEp-
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nperaunu. Torga B COOTBETCTBMH C HALIHM ONpee/eHHeM
CTanjapTHad HHTeprpeTauHs, Tak ke Kak W Jobas cucrema
rHNepAeHCTBHTENbHBIX YHces, Gyner moaenbio anas Tr.

[Tokaxem, uto B MoGoit Mogenu anas Tr Bce cyxAeHHs
A3blka RL, ne Bxoasuue B Tr, 6yayt noxHbl. B camom aene,
€c/IH @ — CyxJeHHe, He BXoasuee B Ir, TO @ JOXHO B CTaH-
JapTHoil HHTeprnperauvd. Torza oTpuuaHHe CYXIEHHS @,
CYXJeHHe ~ |, HCTHHHO B Hell H, C/le]l0BaTebHO, BXOIHT B
Tr. 3HauuT, " ]¢ HCTHHHO B J0GOH Moupenu MHoxectBa Tr,
a ¢ JI0XKHO B JIo60i MozenH mHoxectBa Tr. Takum oGpasom,
B 000 MojeaH MHoxecTBa Tr HCTHHHBI T€ H TOJBKO Te
¢dopMysbl, KOTOpble HCTHHHBI B CTaHAapTHOH Mogzenu. Jloka-
3aHHOE MOXHO C(OpMyJHpOBaTb TaK: ecaH 1 — MHOXECTBO
¢opMyJ, HCTHHHBIX B HEKOTOpo# HHTepnpeTtauuH P s3blKa
RL, to cBoiictBa Tr<T u Tr=T paBHocu/bHbI. Tenepb 3anauy
OTBICKAHHA CHCTEMBl THNEPAEHCTBUTENbHBIX YHCEJN MOXHO
copMyaHpOBaTh TakK: HalTH Mojeab MHoxectBa Tr, Koropas
(paccmaTpyBaeMasi Kak yrNopsiJOYeHHOe MoJie, CM. BBILle)
He ynOoBJIeTBOpfAeT akcHoMe Apxumena.

[Ipexxpe yem 3aHATbCA 3TOH 3ajayell BIJIOTHYIO, BBeAEM
elie OfHH TEPMHH, OTHOCALIMIACA K MPOU3BOJBHOMY SI3bIKY L
M NPOH3BONIBHOMY MHOXecTBY T cyxaeHuit sisbika L. Haso-
BeM MHOXecTBO T cogmecmtoim, €Cl CYILECTBYET €ro MOJeJb,
T. €. eCJIM CYLIeCTBYeT HHTepnperauus ssblka L, B KOTOpOil
HCTHHHBI Bce ¢opMmyanl u3 T. Tenepb Bce roToBo AJs TOroO,
4TOObl CHOPMYJHPOBATL TEOPeMYy KOMNAKTHOCTH ManblieBa,
y>Ke YNOMHHABLIYIOCS BbILIE.

TeopemMa koMmakTHocTH. Ilycth Hmeercs
NPOU3BOJIbHBIH A3bIK L H Npou3BoJbHOE MHOXeCTBO T cyxie-
HHH 3TOro s3bika. IlycTh Kaxkaoe KOHEYHOe MOAMHOXKECTBO
T, mHoxectBa T coBMecTHO. Toraa u Bce MHOXecTBO T COB-
MECTHO.

dta TeopeMa INOKa3bIBaeT, YTO I/ MOCTPOEHHS MOJEJH
MHOXecTBa T JOCTaTOYHO YMeTb CTPOHTb MOJEJIH BCeX KOHEeY-
HbIX NOAMHOXecTB MHoxectBa 7. (OGpaTHoe OYeBHAHO, TakK
KaK MoJeJib MHOXeCTBa SIBJISIETC M MOJEJbI0 BCEX €ro KOHey-
HBIX MOAMHOXecTB.) JloKa3aTesnbCTBO 3TOH TeopeMbl Mbl 06cCy-
IHM T03Xe, a MoKa NpOAEMOHCTPHPYEM, KaK C €€ MOMOLLbIO
MOXeT ObITb MOJyyeHa CHCTeMa THNepAedCTBHTENbHbIX YHCeJ.

[pexze Bcero 106aBUM K HalueMy si3blKy RL (comepixaiuemy
npequkaTHble ¥ (QYHKUHOHA/bHble CHMBOJIBI A5l BCeX NpeiH-
KaTtoB M (GYHKUHH Ha MHOXecTBe R) elue oAHH HYJIbMECTHBIH
(OYHKUMOHANBHBI CUMBOJ ¢ (OT/NHYHBIH OT BCEX JPYrHX CHM-
BoJioB). [Tonyyaercs HOBbIH, pacluHpeHublit A3bIK RL.. Urobbl
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3aJaTh HHTEPMpETalllio Hallero fA3bika RL., HYXHO B3Thb Npo-
H3BOJIbHYIO HHTEpNpeTaluuio sA3blka RL, BHIGpaTh B €e HOCHTe-
Jle KaKoH-TO 3/7€eMEeHT M OGbABHTb €ro 3HayeHueM 100aBJIeH-
Horo cumsoJia ¢. HaoGopor, eciii Mbl HMEEM KaKylo-TO HHTep-
nperauuio sA3sika RL., TO M3 Hee TPHUBHANbHbIM 00pPa3oM ro-
JlyyaeTcsi MHTepnperauusi si3bika RL — HYXHO mpocTo 3a-
6bITh O CHMBOJIE C U O TOM, KaKOii 3/1eMeHT eMy COOTBETCTBYET.
PaccmoTpuM  Tenepb HEKOTOpOe MHOXeCTBO cyxaenuit T,
HoBsoro si3bika. OHO 6yndeT cozpepXarb, BO-NEPBBIX, BCE 3Jie-
menThl Tr, T.e. Bce CyXIeHHsl f3blka RL, HCTHHHBIE B €ro
CTaHJapTHOH HHTepNpeTauHH, H, KPOMe TOro, CYETHOE MHO-
XecTBO cyxaeHnii Buga Glc, 0), G(, 1), G(, 2), ..., rae
G — IBYXMECTHBI NpesMKaTHbIH CHMBOJI, COOTBETCTBYIOULHT
npeauKary «GoJiblle» (HCTHHHOMY Ha nape < p, §> B TOM H
TOILKO TOM CJyyae, ecl1H [eHCTBHTEJNbHOE YHC/IO p Gosblue
AeficTBuTeNbHOrO uucna ¢q), a 0, 1.2, ... — HyJbMecTHbIE
(YHKUHOHANbHBIE CHMBOJIBI f3blKa RL, COOTBETCTBYIOLLHE
neiictButesnbHbIM yucaam 0, 1, 2, ... Ham nocratouno nokasath,
uyto 310 MHOXecTBO (T,.) uMeer monenb. B camom nene, ecau
€CTb Takasi MojeJb, TO, 3a0biB O CHMBOJIE C, Mbl MOJYYHM
HHTeprnperauulo s3blka RL (He BKJIOYaOIEro CHMBOJ (),
ABJSAIOWIYIOC  Mojeablo  MHoxectBa Tr. Jra mogzenb (kKak
ynopsijoueHHoe moJie) GyldeT HeapXHMeJOBOH: €e 3JIEMEHT,
COOTBETCTBYIOWHHA CHMBOJY ¢, OyleT GECKOHEYHO OGOJIbLM.

Hrak, ocranoch JoKa3aTb COBMECTHOCTb MHOXecTBa 7.
Jlns 3TOroO, COracHo TeopeMe KOMMAKTHOCTH, NOCTaTOYHO JO-
Ka3aTb COBMECTHOCTb JII0OGOrO0 KOHEYHOro MOAMHOXEeCTBa MHO-
xectBa T,. D10 GyHeT CHeNaHO, €Cc/H Mbl [OKaXKeM COBMECT-
HOCTb CeMmelicTBa

T.(n)=Tr U {G(c, 0), ..., G, n)}

NpH JI06OM 71, TaK Kak Jilo6oe KOHeuyHoe TNojceMeicTBO ceMeii-
crBa T, comepxuTca B HekotopoM T.(n) mpH AOCTaTOYHO
Gosbliom n. YToObl J0Ka3aThb COBMECTHOCTb cemeiicTBa T,(n),
HY>XHO MOCTPOHTbL €ro MoAenb. ITO OYeHb MPOCTO: BO3bMEM
CTaHJAPTHYI0 MHTEpNpeTauuio sidblka RL W pacluupuM ee 10
HHTeprpeTaulu s3blka RL., cuuTas, 4TO ¢ HHTepnpeTHpyeTcs
Kak yucao n-+1. OueBuaHO, uto Bce ¢popmy.ibl cemelictBa T (1)
6yoyT HCTHHHBI B 3TOH MHTeprnperauud. TeM caMbiM MbI JoOKa-
8aJ1M COBMECTHOCTb ceMeicTBa T.(n) npu Jo60M n; OTClOAa MO
TeopeMe KOMIMAKTHOCTH TMOJYYaeTcsi COBMECTHOCTb ceMeHcTBa
T,; Monenb 3TOro ceMeiCTBa, KaK Mbl BHIENH, NpeBpallaercs
B HCKOMYIO CHCTEMY THNepAeHCTBHUTEIbHBIX YHCEN, KaK TOJNBKO
Mbl 3abylem o c.
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[lpuBenenHoe paccyxkieHwe BecbMa MPOCTO; TaKHM o6pa-
30M, OCHOBHafl TPYAHOCTb B MOCTPOEHHH CHCTEMBl HNepAEHCT-
BUTEJIBHBIX YHCEJ COJMEpKHUTCH B TeopeMe KomnakTtHocTH. OG-
CYIHM Tenepb, KaKuM 06pasoM 3Ty TeopeMYy MOXHO H0Ka3aTb.
CymecTtByioT ABa crnoco6a (no KpaiiHeil mepe) ee JOKa3aTelb-
ctBa. OAHH W3 HHX HCNOJb3YyeT HETPHBHAJIbHBIE YIbTPADUIbT-
pbl M aHaJIOTHYEH OMHCaHHOMY B § 6 cnoco6y NOCTPOEHHS CH-
CTeMbl THNEPLEHCTBHTEJNBHBIX YHCeJ C TMOMOILBIO YJbTpa-
puabTpoB. Mbl He 6yaem noapoGHO roBopHTh O HeM. Jlpyro#
MeToA (noxanyH, GoJiee ecTeCTBEHHbIH) COCTOMT B NpHMEHe-
HHM OJHOH M3 UEHTPA/JbHBIX TEOPeM JIOTHKH — TeopeMbl [€-
aensa — ManbueBa o nosxore. K coxaneHnuto, ToyHasi ¢op-
MYJIHDOBKA 3TOH TeopeMbl JajieKo BBIXOAHT 32 PaMKH HacTosi-
el GpOLIIOPbI, NMO3TOMY Mbl BbIHYXKA€Hbl OrpaHMYMTbCA B
3TOM MecTe HedopMalbHbLIMH KOMMEHTapHAMH.

Ecau neitatbess onucath cMmbica Teopembl [énenss — Maiib-
1ieBa 0 NOJIHOTe B ONHOH (pase, MOXKHO CKa3aTb TaK: 3Ta TeO-
peMa 1aeT CHHTaKCHYeCKHH KpUTepHil COBMECTHOCTH MHOXECT-
Ba cyxaenuii. Bonee nogpo6Ho. Onpenensiercsas NMoOHATHE 6bi-
600umocmu JAHHOTO CYXKIEHHSI ¢ H3 JaHHOTO MHOXECTBa CYX-
Aennit T. Mbl He MoxeM JaTh 31€Cb TOYHOTO ONpejesIeHHs
STOrO MOHATHS, TaK KaK OHO JOBOJNIbHO rpomMo3iko. Ckaxkem
JIMlb, YTO BBIBOAMMOCTb ¢ W3 T O3HayaeT, YTO CyllecTByeT
T0C/Ie10BaTeNIbHOCTb (OPMYJI, Kax<Aas M3 KOTOpPbIX NMpHHanJe-
XKHUT au60 T, aubo 3apaHee HHKCHPOBAHHOMY MHOXECTBY (3J1€-
MEeHTbl KOTOPOro HasblBalOTCsl axcuomamu), Au60 nosyyaercs
U3 TpeiblAyLHX YJIEHOB MOC/IeN0BaTebHOCTH MO ONpejeseH-
HbIM TNIpaBWIaM (3TH NpaBHJIa HAa3bIBAIOTCA NPABUAAMU 6bIBO-
-0a), npuueM mnocJenHeil GopMyJioil 3TOH MOC/IeA0BaTeNbHOCTH
apasierca ¢opmyna ¢. IlocaenoBarenbHocTb dopmya, o6aa-
Jaioliasi ONHCaHHBIMH CBOHCTBaMH, HasbiBaeTcs 66:600om (Hop-
MyJabl ¢ H3 MHOXecTBa ¢opmyn T. Takum oGpa3oM, BbIBOAH-
MocTb @ u3 T O3Hayaer, YTO CYLIECTBYeT BbIBOJ (OPMYJbI @
#3 T. Yxe u3 3TOro OMHCcaHus CTAHOBHTCH SICHBIM TaKoe
CBOMACTBO BBIBOJHMOCTH: ec/ii (opMyJa ¢ BLIBOAHTCS M3 HEKO-
TOoporo MHOXectBa T, TO B 3TOM BLIBOJE HCNOJb3yeTCs JIHILD
KOHeyHoe yucsio ¢opmya u3 T. Bosee TouHo, cnpasensinBo
TaKoe yTBepKJAeHHe: ec/H ¢opMyJia ¢ BHIBOAUTCA H3 MHOXECT-
Ba T, TO CYleCTByeT Takoe KOHeuHoe noamHoxectBo T'cT,
uyTo ¢opMyna ¢ BHIBOAMTCA H3 MHoxectBa T'. Hakowueu, Ha-
30BEM MHOXECTBO CYXAEHHH npomusopequssim, €cli W3 Hero
BbIBOJHMTCSI OJHOBPEMEHHO HEKOTOpOe CYyXJIEeHHe ¢ H ero or-
puuanue ~ . Tenepb Bce roToBO A/ GOPMYJTHPOBKH TEOPEMBI
T'énens (tounee, teopembl I'énens — MasblieBa) O MOJHOTE.
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Teopema. Ilyctb L — npousBosbublii s3bIK (MOJ-
HOCTbIO CJ/IeloBajio Obl CKa3aTb: OJHOCOPTHLIN SI3bIK MEPBOro
nopsigka), T — MHOMeCTBO CYXIeHull 3Toro ssbika. Toria
crefyioulde CBoACTBa paBHOCHABbHBL: a) T coBmectHo; 6) T
He MPOTHBOPEYHBO. DTa Teopema MNO3BOJISAET 3aMEHHTb CeMaH-
THYecKoe (T.e. ane/yIMpyollee K HHTeprnperauusam) CBOHCTBO
COBMECTHOCTH Ha CHHTaKcHYeckKoe (paccMaTpuBaolee ¢op-
MYJIbl TOJBKO KaK 3HAKOCOYETaHHS B OTPbIBE OT HUX CMbICJIA)
CBOHCTBO HEMPOTHBOPEYHBOCTH. M3 Hee Jierko BbITEKAeT Teo-
peMa KOMNaKTHoCTH. B camom jnene, pas coBMecTHOCTb cOBMa-
JlaeT C HEeNpOTHBOPEYHBOCTbIO, HYXXHO JOKa3aTb JIHLIb, YTO
€CJM BCAKOE KOHEYHOe MOJAMHOXECTBO JaHHOro MHOXeCTBa
cyxpaeHuit T HenpoTHBOPEUYHBO, TO H BCE MHOXECTBO CYXJe-
Huit T HenpoTHBopeunBo. [[pyrHMH CJOBaMH, HYXHO JOKa-
8aTh, YTO €C/IH JaHHOE MHOXECTBO CyXxJeHHH T npoTHBOpeYH-
BO, TO NPOTHBOPEYHBO H HEKOTOPOE ero KOHEeYHoe MOAMHO-
XKeCTBO. A 3T0 cjeayeT H3 YNOMHHABLIErocsl BhbIlle CBOHCTBA
OTHOLLUEHHs BbIBOAMMOCTH. Benp ecnu u3 MHoxectBa T BbIBO-
JATCA CYXKIEHHA ¢ H ~ |¢, To (M0 OTMeYaBlIeMycsi CBOHCTBY
BBIBOAMMOCTH) HalAyTCA TaKue KOHeuHble MOJAMHOXeCTBa
Ty n T, muoxecra T, uto u3 T, BbIBOAHTCA @, a U3 T, —
“lo. Torna u3 koneunoro MHoxectBa T,UT, BbIBOAATCA Kak
@, TaK U |, H, CNeJOBaTeJbHO, OHO TPOTHBOPEUHBO.

TakuM o6Gpasom, TeopeMa KOMMAKTHOCTH JIETKO BBITEKAeT
H3 Teopembl ['énenss — MasbueBa o nosnHore. (Mbl HasbiBaeM
TeopeMy o0 moJHore Teopemod I'énenss — ManbueBa, a He
npocro teopeMmoit 'énensi, KaKk 3To OGbIYHO AesaeTcs, TaK Kak
HHTepecylollHii Hac BapuaHT Gbl1 BrepBble 1oKa3aH MaJble-
BbIM; ['éesib 10Ka3a paBHOCHIbHOCTb COBMECTHOCTH H Hempo-
THBOPEUHBOCTA JIHIIbL AJS fI3bIKOB CO CYETHBIM MHOXXECTBOM
NPeAHKATHbIX H YHKUHOHAIbHBIX CHMBOJIOB.) TakuM 06pasom,
OCHOBHAsl TPYWIHOCTb B MOCTPOEHHH THIEPAEHCTBHTENbHBIX YH-
cesl 3aKJ/IOYeHa HMEHHO B 110Ka3aTelbCTBE TEOPEMbI O MOJHOTE.
HMeHHO npH ZoKa3aTesbCcTBE 3TOH TeopeMbl NPHXOAUTCA MOJb-
30BaTbCsl aKCHOMOH BbIGOpA.

PaccmoTpuM 3TO J0Ka3arte/bCTBO YyThb GoJsiee moApoGHO.
Hawa ¢opMynupoBka Teopembl O NMOJHOTE BKJIOYAaeT B cebs
IBa yTBepxkIeHHs. [TepBoe COCTOHT B TOM, UTO BCSIKOE COBMECT-
HOe MHOXECTBO CYXJECHHH HEeNpOTHBOPEYHBO, BTOPOE — YTO
BCSIKOE HENPOTHBOPEYHBOE MHOXECTBO coBMecTHO. IlepBoe u3
3THX yTBepXKIeHHH (MHOTAa €ro BLIAENSIOT B KayecTBe CaMo-
CTOSITEILHOT'O YTBEPKAEHHs, Ha3blBasi TEOPEMOil aJleKBaTHOCTH,
HJIH TeopeMOH HeNnpOTHBOPEYHBOCTH) NOKa3biBaeTcsi BechbMa
npocto. OCHOBHast C/IOXHOCTb 3aKJiloyeHa BO BTOPOM YTBep-
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XKJeHHH. B HeM HyXHO 10KasaTb CylleCTBOBaHHE MOJEJIH, a
H3BECTHO JIHLUb, YTO He CYyLIeCTBYeT BbIBOJA MPOTHBOpEYaILUX
apyr apyry @opmya ¢ H ~ |o. Ilpu 3toM noKasaTebCTBE MpH-
XOJAHUTCS M0J1b30BaThCsl aKCHOMOI BriGopa. B pesyJibraTe 3TOro0
HCKoMasi MoJesb (MOAeNb 33aJaHHOr0 HeNMmpOTHBOPEYHBOrO MHO-
JKECTBA CYXKJIEHHH) CTPOMTCS HEOAHO3HAYHO, H MO €€ NOBOAY
MOXHO MOBTOPHUTb BCE€ TO, YTO ObLIO CKa3aHO M0 NMOBOAY pac-
CMOTPEHHbIX HaMH HEeTpHBHA/bHbIX yabTpaduIbTpoB. Tak yro
C 3TOi TOUKH 3peHHs (C TOYKH 3peHHs] BO3MOXKHOCTH «KOHCTPYK-
THBHOTO», «3()peKTHBHOIO», «<IBHOrO» W T. M. 3aJaHUs paccmar-
pHBaeMbIX OGBEKTOB) MOCTPOEHHE CHCTEMbl rHMepAedCTBUTEb-
HBIX YHCeJ C MOMOLILBIO TEOPEMbI O MONHOTE HHYEM He JIyylle H
He XYyXe, 'yeM ee MOCTPOeHHe C TMOMOUIbI0O HETPHBHAJbHBIX
yJAbTpaduIbTPOB.

§ 9. ICTOPUA HECTAHOAPTHOIO AHAJIU3A

Bospact HecTaHaapTHoOro anasnHsa Kosebsercsi (B 3aBHCHMOCTH
OT TOYKH 3peHHd) OT ABYX [ECATKOB N0 Tpex coTeH JeT. [Ba
JecsiTKa MoJ1yyaTcsi, ec/iM CYHTaTh, YTO HECTAHAAPTHBIH aHaIH3
3apoauscs ocenblo 1960 r., koraa ero ocHoBarenb, AGpaxam
Po6uHcon, chenan Ha OfHOM M3 ceMHHapoB IIpHHCTOHCKOro
YHHBEPCHTETA JOKJAaJ O BO3MOXHOCTH NpPHMEHEHHS METONOB
MaTeMaTHYeCKOH JIOTHKH K OOOCHOBAaHHIO MaTeMaTHYeCcKOoro
aHaiau3a. Tpucra JieT nosyyarcsi, €c/li CYHTaTb HayajloM He-
CTaHJApTHOrO aHajlH3a MNosiBJeHHe CHMBOJIOB GECKOHEYHO Ma-
JbIX dx W dy B ynoMHHaBLIeMcs Yxe TpakTaTe Jleiiouuua [51;
XOTSl, CTPOro roBopsi, dx U dy He 0603HAYalOT B 3TOM TpaKTare
(#a H B COBpPeMEHHBIX TEKCTax) HenpeMeHHO GeCKOHeYHO Ma-
JblX, «haKTHYECKH, — Kak oTmeyaercss B [2, c. 115], — cam
Jleii6Hul U ero nocjeloBaTequ paccMaTpuBaau dx W dy Kak
6ECKOHEYHO MaJibley.

B Hacrosimell Gpouope Mbl TNpHAepKHBAaeMcsi NepBof,
6oJiee NMPOCTOH TOYKH 3pEHHs] M CYHTAeM HAYajJOM pAa3BHTHS
(noxa elie HejO/NrOro, HO BeCbMa HHTEHCHBHOrO) HeCTaHIapT-
HOTO aHa/H3a ynoMsiHyThiit Aokaajg A. Po6uucona. C storo
“'MOMEHTa HaYHHaeTcsl COBpeMeHHas HCTOpPHS HeCTaHAapTHOro
aHanu3a. Ho npexae yeM roBopuTb O Helf, MOrOBOPHM O €ro
NpeabICTOPHH.

Kak u Bcsikoe apyroe HayyHoe HanpaBJieHHe, HeCTaHAapT-
HbIH aHa/IH3 BO3HHUK He Ha nyctoMm Mecte. OCHOBHBIE €ro HCTOY-
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HUKH, HA Hall B3IVIsA, OLUTH TakKoBLl. Bo-nepBeix, 3To Hayas
OT KJacCHKOB MaTeMaTHYecKOro aHaju3a Tpajulus ynotpel-
JNeHHs GecKOHeYHO GOJIbLIHX H GECKOHEYHO MasblX — TpajH-
uMs, CoXpaHuBluasicd (HECMOTPSA Ha BCE€ MNOMBITKH*€e H3rHa-
HUs) 10 Haulero BpeMeHH B MNpenojiaBalMH MaTeMaTHKH I/
HHXeHepoB. (O MONbITKAX MHCMNO/b30BAaHHSA HECTaHAapPTHOro
aHa/u3a B npefojaBaHHH cM. HHxe.) Bropoii, menee oueBun-
HbIi HCTOYHHK — HECTaHIapTHble€ MOJAEeNH aKCHOMAaTHYECKHX
CHCTEM, MOSIBHBLIMEC B MaTeMaTHuecKoil Jiornke. CkaxeM o
HHX 4yTb GoJiee MOAPOGHO.

AKcHOMaTHYeCKHH MeTo] H3Yy4eHHs KaKoH-TO MaTeMmaTHye-
CKOH CTPYKTYPBI COCTOMT, rpy6o roBsopsi, B caelyiolieM. Mol
BbIAENSIEM HEKOTOpble CBOHCTBA paccMaTpHBaeMo#l CTPYKTYphbI
H HasbiBaeM HX aKCHOMaMH. 3aTeM Mbl BLIBOAHM H3 aKCHOM
pas/iMyHble CIeJCTBHA (TeopeMbl). ITH TeopeMbl 6YAyT HCTHHHBI
B paccMaTpHBaeMoii cTpyktype. Bosee Toro, onu 6yayT HCTHH-
Hbl HE TOJIbKO B paccMaTpHBaeMoil CTPYKType, HO H B J000i
Apyroii, B KOTOpPOH HCTHHHBI aKCHOMbI. MOXeET OKasaTbcsl, YTO
CYIIECTBYeT MHOI'O CaMblX PasHbIX CTPYKTYP, YAOBJIETBOPsIO-
IUX JaHHOH cucTeMe akcHOM (Mojesiel paccMaTpHBaeMoi cH-
creMbr). XOpOLUO 3TO HJH MJIOXO? 3TO 3aBHCHT OT TOrO, C Ka-
KOIi 1eNblo Co3aBasiach akcHoMaTHyeckas cucrema. Ecau ona,
nofo6HO CHCTEME aKCHOM NoJisi, [peaHasHaueHa JJIsi TOro,
yTOObl BBIIEJNHTb OOLHe CBOHACTBA DAa3/IMYHBIX CTPYKTYp H
€IMHEIM METOAOM MOJyyaTb Pe3yJsbTaThl O BCEX 3THX CTPYKTY-
pax, TO yeM pa3HooGpa3Hee MOJENH 3TOH aKCHOMATHYeCKoMH
cHCTeMBI, TeM Jyuwe. Pa3HoobpasHe Mojeseil CHCTEMBI aKCH-
OM MOJSI CBHJETENbCTBYET O IIHPOKOH NPHUMEHHMOCTH TEOPHH
noneit. (To xe camoe MOXHO CKa3aTb W MPO AKCHOMBI Ipymm,
Konell W T. Mm.)

CywectByer, OAHaKo, H Jpyrod NOAXOA K  ak-
CHOMAaTHYECKUM CHCTEMaM, COIJIaCHO KOTOPOMY aKCHOMAaTHuye-
CKasl cucTeMa JOJIXKHA BO3MOXHO 6oJiee NOJIHO OTPaXarh CBOil-
CTBa JAHHOH KOHKDETHOH CTPYKTYpbl, HanpuUMep MHOXKECTBa
HaTypanbHbIX uyHcesn. IIpumepOM aKCHOMAaTHYECKOH CHCTEMb,
CO3JIaHHOH C TAaKOH leJblo, ABJSAIOTCH akcHoMbl IleaHo, xa-
pakTepu3yiollHe HaTypa/ibHbIl Pl Kak MHOXecTBO N ¢ BhI-
AeJIEHHBIM 3J1eMeHTOM (0Go3HayaeMbiM O W Ha3bIBaeMBIM HYJIEM)
H OIHOMECTHOH onepauuei (o6o3HayaeMoli S H Ha3biBaeMoW
NpHOaB/ICHHEM €IMHHIUbI HJAH B3ATHEM MOCJAEAYIOUIEro):

1. v a(0#£S(a)).
2. vavb(S(@=S() = (a=b)).
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3. (Akcnoma nnaykuuu). Ecau mMHOxecTBO M N Takoro,
uto O €M u ana Bcsikoro a €M BeinosneHo S(a) €M, o M=N.

DTH aKCHOMbl MpejHa3HaueHbl /I TOTO, YTOGBI KaK MO-
HO MoJIHEEe OTPaXKaTb CBOHCTBA HATypaJibHBIX yuces. [Tostomy
oGHapy»KeHHe CTPYKTYphl (MHOxecTBa N C BBbIAEJEHHBIM 3J€-
MEHTOM M OJHOMECTHOH omepaluHeil), KoTopasi YLOBJeTBOpsJa
Obl 3THM aKCHOMaM, HO CHJIBHO OTJIHYajach Gbl OT OGBIYHOrO
HaTypanbHOro psifia, 03Haya/no Obl, YTO 3TH AKCHOMBI HEYIOB-
JerBopuTenbHbl. K cuacTbio, oKa3biBaeTcsi, YTO HalTH TaKylo
CTPYKTYpY Hesb3s. MMeHno umeer mecTo Takoe yTBepiKAeHHE
(kareropuuHOCTb aKcHoM [leaHo).

[Mycte N — npousBonbHoe MHOXecTBO, O — Jo6oii avie-
meHT N u S — QyHkuus, onpenenennass Ha N co 3HaueHHAMH
B N, npuueM BbinojHeHb! cBoictBa 1—3. Torga cyuecTByer
B3aMMHO OJHO3HAaYHOE COOTBETCTBHE MEXJAY MHOXeCTBoM N
¥ OOBIYHBIM HaTypa/bHbIM psioM N, NMpH KOTOPOM 3JeMeHTy
O €N cootBercTByeT HarypanbHoe uuciao 0, a ¢yHkuusa S
nepexoiHT B QYHKUHIO NpHOaBleHHs €JHHHLLI (KaK rOBOPSAT,
ctpyKtypbl N 1 N u3omopdHubi).

Jloka3aTeNbCTBO 3TOr0 YTBEPXKAEHHS HOCTaTOYHO MPOCTO,
M Mbl NPHBELEM €ro. YCTaHOBHM HCKOMOE COOTBETCTBHE TaKHM
obpasom:

naTypanbuue yHcJJia 3JIEMEHThI
0 0
1 S(0)
2 S(S(0))
3

S(S(S)

S(S(---S(0)- -+

m pa3s
CKa3atb, YTO HaTypasbHOMY 4Hcay m €N cTaBHTCH B COOTBeT-
crBue anieMeHT S™(0) EN. HyxHo Roka3aTb, YTO 3TO COOTBET-
CTBHE B3alIMHO OJIHO3HAuYHO, T.e. uro S™(0)7£S"*(0) npu
m=n u yto JoGoiil x EN paBen S™(0) npu HekoTopoM m. Eciu
S™(0)=8"(0), ms%=n v m,n>0, To S"=}(0)=S8""1(0) no ak-
cuome 2 [rak kak S*(0)=S8(S*-'(0))l. IIpumensas sto pac-
CYy2XJeHHe HEeCKOJbKO pa3, HaxoJuM, 4TO

O6o3nauns uepes  S™ (0), MOXHO

Sm—ﬂ(O)=O, T. €. S(a)=0, rAe a._:Sm_”_l(O)
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(a5l onpeneNeHHOCTH MbI paccMaTpHBaJH cay4yait m>>n).
A 310 nporuBopeunt akcviome 1. UtoObl 3aBepiunth JoKa3a-
TENbCTBO B3aHMHOH OJHO3HAYHOCTH, HYXXHO [OKa3arb elle,
yTo MHOxectBo M={0, S(0), ..., $*(0), ...} coBnanaet co
BceM N. 310 HenocpeACTBEHHO CJIENYeT H3 aKCHOMBI HHAYKIHH.
HTtak, B3auMHasi 01H03HAYHOCTb MOCTPOEHHOrO COOTBETCTBHS
lokasaHa. To, 4TO NpH 3TOM COOTBETCTBHH HYJb NMEPEXOAHT
B ajeMeHT O, a pyHKUHS npHGaBJeHHS eIHHHLb — B QyHK-
uuio S, oueBuaHo. TakuMm 06pasoM KaTeropH4yHOCTb AKCHOM
[leano noxa3sana.

Takum o6pa3oM, MOXKHO CKa3aTb, 4TO akcHOMbl [leaHo
«MOJIHOCTbIO» OMHCBIBAIOT HAaTypaJibHble YHCJA.

Onnako cucrema akcHoM [leaHo mmeer caenywoouii Heno-
CTaTOK: OHa MpeAnoJaraer 3apaHee H3BECTHbIM MOHATHE MHO-
JKecTBa (3TO MOHATHE (PUIYpPHPYET B aKCHOME HHAYKLHH). Xo-
Tes0ch Obl, YTOOBI BCE aKCHOMBI OblJH 3aMHCaHbl B BHIE CYXJe-
HHH HEKOTOpOro si3blka nepBoro nopsiaka (Hanoiobue nepBbIX
IABYX aKCHOM OHH NpEACTaBJSAIOT CO60H CYXAEHHS fA3blKa mep-
BOro NMOpsiIka C OAHHM HYJIbMECTHBIM H C OJHHM OJHOMECTHBLIM
(yHKUHOHANbHBIMH cHMBosnamu). Ilpu 3ToM xotenochb 6bl,
yTOGbl CBOMCTBO KaTErOPHYHOCTH (M30MopdH3Ma Bcex moaenel
3TOH CHCTeMbl aKCHOM) coxpaHmioch. K cokaneHnuio, Teopema

Iénenst o nonnore u ee cjaeAcTBHE — TeopeMa KOMIAKTHO-
CTH — paspylIaloT HaJeXAy Ha [OCTPOEHHE KaTeropHyHoH
CHCTEMBI aKCHOM B SI3blKE€ MEepBOro MOpslAKa — TaKOH CHCTEMBI
aKCHOM HE CYLIECTBYET HH /11 KaKOH CTPYKTYphbI, COAEPKalleH
6ecKOHeYHOe 4YHC/I0 3/1eMeHTOB. [losicHHM, noueMy Tak noJay-
yaercs. Bospbmem B KauecrBe CHCTEMBI aKCHOM MHOXecTBO T
BCeX CYXJEHHH, HCTHHHBIX B JaHHOH CTpykType. flcHo, uTO
3Ta CHCTeMa aKCHOM camast OoJibllas H3 BCEX BO3MOXHBIX;
€CJIH OHA OKaXeTcsd He KaTeropHyHo#, To M Jobasi Apyras
CHCTEMA AKCHOM, 3alHCaHHbIX Ha TOM XK€ si3blKe, He GyaeT
KateropuuyHoH. [lanee, npuMeHsis paccykAeHHsl, aHaJOTrHY-
Hble HCMOJIb30BaHHBIM B § 7, Mbl MOXeM MOCTPOHTb MOAEJb
MHOXecTBa T, CylieCTBOBaHHe KOTOPOH MPOTHBOPEYHT Tpe-
60BaHHIO KaTerOPHYHOCTH, HHBIMH CJIOBaMH, «HeCTaHAApT-
HYIO» MoJeJsib MHOXKecTBa T.

[TpuBenenHoe Bbline OOCYXXIEHHE AKCHOMAaTHYECKOTO Me-.
ToJa (BecbMa HETOYHOE H paclJibiBYaTOe) MOHAZOGMJIOCh Ham
ANl TOro, yToObl MOKa3aTb, KakHM o00pa3oM HCC/leNOoBaHHe
BO3MOXKHOCTel 3TOro MeTola MPHBOAUT K MOHSATHIO HECTaHAapT-
Hoit mojenn. K 1960 r. meToabl MOCTPOEHHS HeCTaHAAPTHBIX

mojienieil (M C MOMOILBIO YABTPaHABTPOB, H C MOMOLIBIO TEOPEM
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MOMHOTHl M KOMNAKTHOCTH) ObLIH JaBHO pa3paboTaHbl H XO-
POLLO H3BECTHBI CMEeLHaJHCTaM MO TEOPHH MOAesneil, OAHHUM H3
ocHoBaresiel KoTopo# Gbi1 A. Po6uHcoH. (CoBeTckoMy uuTa-
TeJII0 OH H3BECTEH M0 pyccKoMy nepeBoay [8] ero moHorpaguu;
HeCTaHJapTHOMY aHaJlu3y MOCBSAUIEHbl TPH 3aKJIOYHTEJIbHbIX
naparpada stoit MoHorpadpuu — 9.4, 9,5 u 9.6.) OcraBanoch
«BCETr0 JIMLIbY COEAMHHTb MX C HMAESMH O MpHMEHeHHH Gec-
KOHEYHO MaJIblX BEeJHYHH B aHa/H3e, YTOGLI MOM0XKHTb HayaJlo
OypHOMY pasBHTHIO HECTaHAAapPTHOrO aHa/lu3a.

IMpocneaum 3a ucropueit atoro passutusa. B 1961 r. nos-
BUnach cratbsd A. Po6uHcoHa «HecranaapTHbii aHanu3» B
Tpyrax Hmaepnauackoit akagemuu Hayk [39]. B cratbe Gbliu
HaMeueHbl KaK OCHOBHbIE MOJIOXKEHUS HECTaHAAPTHOrO aHaJsH-
3a, TaK H HEKOTOpble ero MpHJIOXKeHHs (HanpHMep, K aHaJHTH-
yecKoll MexaHuke). B 3rtoit cratbe POGHHCOH, B YaCTHOCTH,
nucan: «Hawa rsaBHas uesnb — nokasaTb, YTO 3TH MOZEJH
JaloT €CTeCTBEeHHbIH Monxoj K CTapod MoyTeHHOH mnpobaeme
MOCTPORHHS HCYHCJIEHHS, BKJIOYAOLEero 6eCKOHeYHO 60blLIHe
u OGecKoHeyHO Masible KosuuectBa. Kak xopollo H3BecTHoO,
HCMO/Ib30BaHHe GeCKOHEYHO MaJbiX, HAaCTOHYHBO 3alllHillaemMoe
JleiibHuueM u Ge3 KoseGaHHI npHHHMaemoe JisepoM, Gbl1o
[1e3aBYHPOBAaHO C MosiBleHHeM MeTofoB KoM, nocraBuBIUMX
MareMaTHYeCKHil aHa/lM3 Ha TBepAYIO OCHOBY». (3aMeTHM B
CKOOKax, 4YTO 3a TBEpJOCTb OCHOBBI Haao ObLIO MJATHTL H
CJI0OXHOCTBIO annapara, W OTjajleHHeM OT (PH3HYeCKOH Harasi-
HOCTH.)

B Teuenue mocsenyiou(Mx BOCbMH JIET BBIULIH B CBET TpH
MOHOrpaduH, H3/aratou(He HecTaHAapTHY!O TeopHio: B 1962 r.—
kuura B. A. Ixk. JliokcemOypra  «HecranpapTHbfi aHasu3.
JleKunu o poGHHCOHOBOII TeOpHH GECKOHEYHO MasbiX H GecKo-
HeyHo GoabwHX yucea» [33], B 1966 r. — kHura camoro A. Po-
ouncona «Hecranpaprubiii ananus» [40] u B 1969 r. — kHura
M. Maxosepa u JIx. Xupmupenga «/IekuHH o HeCTaHAApPTHOM
aHanu3se» [37] (u3 77 ctpanuu 3THX «JIeKuHii» 1eACTBHTENbHOM
npsiMoil  OTBeleHO HeMHOrMM Oosiee [BYX: «HeCTaHAapTHLIMA
aHa/IM3» NMOHHMaercsl 34ech B CaMOM LUIMPOKOM cMbicae). Haw-
GoJbIIHI pe3oHaHC BbI3Bana KHUra PoGuncoHa, Bbiluejuas B
u3BecTHoH cepuu «HccnenoBaHHss No JiorHke H OCHOBaHHAM
MaTeMaTHKH». B J1eBsiTH mnepBbIX rJaBax 3TOH MOHOrpagHH
COIepKajloCh KaK MOCTpOeHHe HEeoGXOJHMOro JIOTHKO-MaTe-
MaTHYECKOro anmapara (co cchiikoi Ha A. M. ManbueBa Kak
aBTOpa Jexallleii B OCHOBE 3TOr0 annapara TeopeMbl KOMIAKT-
HOCTH), TaK H MHOTOYMCJIEHHble NPHJIOXKEHHS — K AuddepeH-
.UHaJbHOMY H HHTErpajJibHOMY HCYHCJ/IEHHIO, K OOLied TOMoJo-
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FHH, K TEOPHH QYHKUHHA KOMNJIEKCHOTrO NEPEMEHHOr0, K TeOpHH
rpynn JIu, K rujpoiHHaMuiKe U TeopHH ynpyroctd. Cnenvanb-
HHi HHTEpeC NpeACTaB/aseT MNOCJefHAsA, AECATas rJaBa, B
KOTOpOH aBTOp H3Jaraer CBOH B3rJISiA Ha MCTOPHIO pa3BHTHA
MaTeMaTHYecKoro aHanu3a. XoTs KHHra Po6HHCOHa, Bbiaep-
JKaBlliasi He OHO H3JaHHe, H CBHIrpasa 3HaYHTEeJbHYIO POJb B
pPa3BUTHH HECTaHJAapTHOrO aHalu3a, ee BPSA JIH CJENyeT pe-
KOMEHJIOBaTb AJI HayaJbHOro O3HAKOMJIEHHS; OHa HamlucaHa
cXKaTo H TPYAHO.

INomMumo Bbixoga KHHrH Po6uHcoHa, B 1966 r. B HecTaH-
JIApTHOM aHaJli3e NPOH30LJIO elle OAHO cobbiTHe. [losiBHsach
cratbst A. P. Bepucrefina u A. Po6uHcona [14], B koTopo#
BrEpBLIE METOJAAaMH HECTaHAApPTHOTrO aHa/lH3a OblJIO NOJNYyYeHO
peleHHe paHee MOCTaBJEHHOH nNpobJeMbl, OTHOCALEHCA K
OGBbIYHBIM, «CTaHAAPTHLIM» MaTeMaTHueCKHM o6bekTaM. s
3HaTOKOB MNOSICHHM, KaKas Tipo6/ieMa HMeeTcst 3lecb B BHAY.
Peub ujer o npoGneMe WHBAaPHAHTHBIX NMPOCTPAHCTB LIS MO-
JHHOMHAJbHO KOMNAKTHLIX onepaTopoB (oneparop T HasblBa-
€TCs NOJMHOMHAJIbHO KOMIAKTHBIM, €CJIH KOMIAKTeH onepaTop
p(T) Bjsi HEKOTOPOTO NOJIMHOMA p C KOMIJIEKCHBIMH KO3 (HLH -
entamu). Kparkas ucropusi Bonpoca TakoBa. Teopema o cy-
IECTBOBAHHH HETPHBHAJILHOTO HHBAapHAHTHOTO 3aMKHYTOrO
NOJANMPOCTPAHCTBA A/ KOMMNAKTHBIX ONepaTopoB B cenapa-
Ge/IbHOM KOMIIIEKCHOM TH/1bOepTOBOM NpocTpaHCTBe Obilja 10-
KasaHa k. pon Hefimanom B Hauasme 30-x romoB. (Kak ua-
BECTHO, Bce cenapaGesibHble TH/IbGEPTOBbI NPOCTPAHCTBA H30-
MOpPQHbI «KaHOHHYECKOMY» NMpPOCTPAHCTBY [%, cocTosiieMy H3
N0C/IeJ0BaTe/IbHOCTEH KOMIVIEKCHBIX YHCEI, CYMMHpPYeMbIX C
KBaJpaToM; YTO KacaeTrcsi HecenapabesbHbIX NPOCTPAHCTB,
TO IJA HHX Ha3BaHHasA Teopema oueBHAHa.) [lokasarenbcTBO
Heiimana, onnako, He 6buio ony6ankoBaHo. Ta e TeopeMa
A/l KOMNAaKTHBIX OMEPaTopoB B NpPOH3BOJbHOM OaHaxo-
BOM TPOCTPAHCTBE Haj TMNOJIEM KOMIJIEKCHBIX yHces Gblia
ycraHosseHa Brnocneactsud H. Aponwaithom u K. T. Cmu-
tom [11].

B ouepke I1. P. Xanmowa «Barasig B runb6epToBo mnpo-
crpaHcTBo» [21] B KauyectBe npo6nembi Ne 9 ¢urypupyer no-
craneHHas K. T. CmutoM 3agaua o cyuecTBoBaHMH HHBa-
PHAaHTHOrO MOAMPOCTPAHCTBA WIS TaKUX onepatopoB 7T B
rHab6epTOBOM NPOCTpaHcTBe 2, asis KoTophix onepatop T2
KoMnakTeH (Bce Takue T, OYEBHAHO, NOJIHHOMHAIbHO KOMIAKT-
Hbl). Pewenue stoil npobaembl H 66110 nosnyyedo A. P. Bepu-
creiinoM H A. Po6HHCOHOM MeTOAAaMH HecTaHAapTHOTO aHallu-
3a; OHHM JOKa3aJH, YTO JIOGOH NOJHHOMHAJbHO KOMMAKTHBIN
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oneparop B THIbGEPTOBOM NPOCTPAHCTBE [* HMEET HETPHBH-
anbHOE HHBApHAHTHOE 3aMKHYToe noinpocTtpancteo. I1. P. Xa-
JIMOILI 03HAKOMHJICSI C AOKAa3aTeJbCTOM [BYX Ha3BaHHBIX ab-
TOPOB H MepepafoTan HX JOKa3aTeNbCTBO B CBOE, HE HCMOJMb-
3ylolee HecTaHaapTHbiil aHanus [22]. B nanbueiiem Bep-
CTEMH, HCMOJNb3ysl HECTAHJApPTHBHIA aHaMW3, pacnpoCTPaHHI
TeopeMy bBepHcreiiHa — PobuHcoHa Ha ciyyadl MOJHHOMHA/b-
HO KOMMAKTHBIX ONEPATOPOB B MPOl3BOJbHBIX OGaHaXOBBIX
MpOCTPaHCTBAaX HaA noJjem KommiekcHbix uucea [13]. CpasHi-
TeJIbHO HeJaBHO TeopeMa 06 MHBapHaHTHBIX MOAMPOCTPAHCTBAX
IV KOMNAKTHBIX omepaTopoB Obl1a o6o6lleHa (Takxke ¢ Mmo-
MOUIbIO METOAOB HECTaHJAapTHOro aHa/nu3a) Ha OoJsee LIH-
POKH i1 KJ1ace IMHEHHBIX TOMOMIOTHYECKHX NPOCTPAHCTB, yeM Oa-
HaxoBsl [20].

Teopema DepHcreiina — Po6HHcoHa npeacTas/sieT coboi
OTHIOJb HE eNHHCTBEHHBIH (XOTs, ObITb MOXeT, HaHGosee 3¢-
(eKkTHbI) NMpuMep NpHMEHEHHS METOAOB HECTaHAapTHOro aHa-
au3a. Yucno H pasHooGpa3ue TaKHX NPHMEHEHHH (3a/10XKeH-
HbIX, KaK Mbl BUZeNH, ele POGHHCOHOM) HEYKJIOHHO pacTyT.
[TpunoxeHust HeCTaHAApTHOrO aHa/lHW3a BHYTPH MaTeMaTHKH
OXBaThIBAlOT OGLIMPHYIO 06/aacTb OT TomoJoruu (cm. [6, c.
210—2111, [12], [25]) no Teopun anddepeHUHANLHBIX ypaBlie-
uuit [10], Teopuu mep u BeposiTHOCTEH (B KOTOpOii BO3HHKaeT
BO3MOXHOCTb MOHHMaHHA BEPOSITHOCTH COOLITHA KaK OTHOLIe-
HHS GECKOHEYHOro YHcJa GaronpHsiTHbIX MCXOHOB K OOLEMY
yneny ucxonos), cm. [15], [31], [38], [43] u Teopun urp [44].

Urto Kacaercsi BHeMaTeMaTHYECKHX MPHJIOXKEHHH, TO cpelH
HHUX Mbl BCTpeuaeM Jaxke MpPUJIOXKEHHS K MaTeMaTHYeCKOH 3KO-
HOMHKe (paccMaTpHBaeTcsl pBIHOK C GeCKOHEYHO G6OJIbILHM
YHCJIOM YYAaCTHHKOB, KakAblH H3 KOTODBIX BHOCHT GECKOHEYHO
Mmaabiii Bkaan) [161, [17]. Muoroo6ewmaiomum BHITJISAUT HC-
NoJIb30BaHHE HECTaHAapTHOrO THAbOEpTOBa MpocTpaHcTBa * /I
I/IS MOCTPOEHHS] KBAHTOBOH MeXaHHMKH (TPafiHLHOHHO (popMY-
JIUpYeMOil B TePMHHAX «OObIYHOrO» MpPOCTPaHCTBa (%), cM.
[19], a taxwxe [30] (paccmatpuBaercsi GeckoHeuHasi (ayKTya-
uMsA noss B 6eckoHeyHo Manoil obaactH) H [29]. A B cTaTHcTH-
YeCKOH MeXaHHKe CTaHOBHTCS BO3MOXHHIM pacCMaTpHBaTh CH-
cTeMbl H3 GECKOHEYHOro YHcia yacTvi, cm. [24].

[ToMuMO npuMeHeHHI K pa3iHYHBLIM 06G/1aCTAM MareMarHKH
(1 He TOBKO MaTeMaTHKH), HCCJe]oBaHHA B OGMacTH HeCTaH-
NapTHOrO aHa/iu3a BKJIOYAIOT B ceGs M HCCAeJOBaHHE CaMHX
HeCTaHAAPTHBIX CTPYKTYp (cM. Hanmpumep, [26]).

B 1976 r. BblunM cpa3y TpH KHHTH MO HECTaHAApTIOMY
aHanu3y: «JneMeHTapHbIH aHaau3» U «OCHOBaHUSA HCYHC/IEHHS
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Geckoneyno mannix» I'. k. Keficnepa ([27, [28]) u «Bsege-
HHe B TeopHio Geckoneuno MmaJabix» K. [I. Ctpofiana
B. A. [Txk. Jliokcem6ypra [41]. IlepBass u3 HuX npeacrasis-
eT co6oi HamuCaHHbI C HECTaHAAPTHBIX MO3HUHH yYyeGHHK MO
MaTeMaTHYeCKOMY aHa/Ii3y — THna YyeOHHKa 1Jig BTY30B C
NOBLILIEHHBIMH TPeGOBaHUAMH MO MartemaTHke. B 3Toif KHure
GoJsiblIOE YHCJIO NPHMEPOB H YNpaKHeHHH; OQHAKO MHOTHE
JI0Ka3aTeJbCTBa JaHbl JIKIIb 3CKH3HO; CaMO CYLIECTBOBAaHHE
noJisi THNEepAEHCTBUTEJbHBIX YHCeJ W HEKOTOpbIi BapHaHT
NPHHLMNA NepeHoca MPOBO3IVIAllleHbl B KayecTBe akcHoMm. Bce
Heo6xoauMoe OGOCHOBaHHE TlepeHeCeHO BO BTOPYIO KHHTY,
TECHO CBSI3aHHYIO C MEpBOH M BHICTYMAIOLLYI0 B KayecTBe py-
KOBOACTBAa s npenoaasarteseii. «OCHOBaHHA HCUMCJICHHSA
GeCKOHEYHO MaJIbIX» COMEPIKAT TOT MaTepHall, KOTOPHIH cJaelyer
npeiBapHTeNIbHO H3Y4YHTb, YTOObl KBaJH(PHLHPOBAHHO HCIOJb-
30BaThb B TNpenojaBaHHH «DieMeHTapHbIH aHanu3». Hakonel,
kuura CrpoilaHa u Jliokcembypra — 310 QyHAaMeHTa/lbHas
MOHOrpagHs, BBI3bIBAIOLIAS NPH YTEHHH TPYAHOCTH Jaxe y
CrelaaiCToB. _

B 1977 r. Boiuia kHura M. JleBuca, pyccKuil mepeBoa Ko-
topoii [3] yxe HEONHOKPATHO yMOMHHAJCH HaMH. DTa KHHIa,
noxany#, B HauOo/bluel CTeNneHH NOAXOAHT IJsi NepPBOro
o3HaKoMJieHHs ¢ npeametoM. Crosa «MPHKJIaNHOM HeCTaH1apT-
HbIl aHaJIH3» CyTb 6ykBaNbHBIH MepeBOA aHIJIMIACKOro Ha3Ba-
HHSl KHHTH; COJIepPXKaHHIO KHHTH GoJiblue OTBeyaso Obl Ha3Ba-
Hue «Hec-raH;lapTbeﬁ aHAJM3 U €ro NPHJIOXEHHS» NPH NOHH-
MaHHH TePMHHA «HECTAHIAPTHBIA aHa/NH3» B LIHPOKOM CMbICJ]E
obuefi a6cTPaKTHOH TeopHH; AEHCTBHTEJNbHO, NepBas TIJlaBa
KHHTH TOCBfIlleHa MMEHHO TAaKOH TeopHH, a OCTaJbHble IJa-
Bbl — MPHJIOKEHUSM 3Toi TeopuH. Tak, B rsnaBe BTOpOil 06-
M€ NOCTPOCHHs NepBOi IMIaBbl MPHMEHFIOTCA K H3YueHHIO
MHOXECTBa NeHCTBHTE/bHBIX uuces R, a B rnaee Tperbeit —
K M3Y4YeHHI0 METDHYECKHX H, GoJee OO0, TONOJOTMYECKHX
npocrpaHcTB. B riiaBe uyerBepToit paccMaTpHBAaeTCs NPHJOXKe-
HHE METOJIOB HECTaHJapTHOrO aHa/JH3a K 33a]1a4aM HCCJef0Ba-
HHSi HOPMHPOBaHHBIX JIHHEHHbIX NPOCTPAaHCTB, a B IJaBe
NATOH — K HCCIENOBaHMIO ruiab0epToBa mnpocTpaHcTBa [,
LEHTpaJbHOE MECTO B TNOC/Ke[HEl rJaBe 3aHMMaeT [0Ka3a-;
TEJbCTBO paHee YINOMHHaBLIEHCSH yxe TeopeMbl bBepHcreit.
Ha — Po6uHcona.

BbiTh MOXeT, Haubo/bLIyI0O NOJb3Y HECTaHJApTHbiE Me-
TOAbI MOTYT MPHHECTH B 06/IaCTH NMPHKJIAaAHOM MaTeMaTHKH —
HelapoM GH3HKH H MHIXKEHepbl TaK JIIOOST roBOpUTb O «GecKo-
HEUHO MaJioM» H «6eckoHeuHo Goubiuiom»! B 1981 r. B cepuu
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«Lecture notes in mathematics» Beiuna kuura P. Jlytua u
M. T'ose «HecTanaapTHbIA aHaMu3: NMPaKTHYECKOE PYKOBOACTBO
¢ npuaoxenuamu» [32]. B 3Toil KHHre mocne H3nOXeHUs oc-
HOBHbIX TNPHHUMIOB HECTAaHJAPTHOTO aHaJH3a paccMaTpHBa-
I0TCA BOMpPOCHI TeOpHH Bo3mywleHHH. I'py6o rosopsi, 3ajaua
TEOpHH BO3MYIUEHHH COCTOMT B cieayiouleMm. Mmeerca kakoii-
TO OOBEKT (MHOrOWJeH, JMHeHHBbIH onepaTtop, anare6pa Jlu,
Aud¢epeHuHalbHOe YpaBHEHHE H T. A.). Ero 4yTb-uyTh u3me-
Haor. Kak cBsi3aHbl CBOACTBAa MNOJIYYMBLIETOCS OOBEKTa CO
cBoiictBaMH HcxonHoro? Ha s3plke HecTaHzapTHOro aHanusa
3ajaya CTaBHTCA TaK. McXonHblii 06beKT sBIs€TCA CTaHAapT-
HbIM. M3MeHeHHe, KOTOpoMy OH mnoaBepraercs, GECKOHEUHO
maso. UTo MOXKHO CKas3aTb O CBOHCTBax M3MEHEHHOro 0OBEKTa,
€CJIM HaM H3BEeCTHbl CBOMCTBa HCXOAHOro? Mbl BHAHM, YTO
MOHATHS HECTAHJApTHOrO aHajH3a QUIYPHPYIOT yXKe B caMoH
NIOCTaHOBKE 3aJlauH (a He TOJbKO B ee pelneHuH). Pasymeercs,
MOX(HO NbITaTbCA MEPEeBEeCTH 3aJayy Ha fA3bIK KJaCCHYECKOro
aHa/i3a (6e3 6eCKOHEYHO MaJsblX) H pelIaTh ee KJIaCCHUECKHMH
cpeicTBaMH, HO, KaK MHIIYT aBTOPbl paccMaTpHBaeMOH KHH-
rd, B pe3yJbTare NMPHMEHEHUS HECTAaHAAPTHBIX METOAOB MOSB-
JSIOTCA «KaK H3AllHble (QOPMYJIHPOBKH, TaK H HMHTYHTHBHO
Gosee sicHble JoOKasaTeabcTBa» (c. 127).

B uactHocTH, B 8-M ypoke IV uwactu kuuru Jlytua u [o3e
paccMaTpHBaeTCsi NPHOOpPETILAA WIHPOKYIO H3BECTHOCTb (He
B Ma/lofl cTemeHH O6sarojapsi YCHJIMSM MaTeMaTHKOB Kpyra
H. Byp6aku, cm. [18]) Tak HasmBaemas «mpoGrema yTOK».
dta npobnema COCTOMT B TpeGOBaHUH OOBSCHHTb, KaKHM 00-
pasom y ypaBHeHHsi Bau-pep-ITons

ex+(—1)x+x=a,

rf€ € NOJIOXKHTEIbHO H JOCTaTOYHO MaJo, MCYe3aeT npejesb-
HBI LMKJ, KOT1a napameTp a, Bo3pacTasi, MepexofHT yepe3
3nayenue 1. TepMHH «yTKa» OGBACHAETCA TeM, YTO 3TOT LHKJI
B Npolecce CBOEro npeBpallleHHs npHobGperaeT ¢opMmy, Hano-
MHHaoOLYI0 KOHTYp Jersiueii yTkd. Paccmorpenue napamer-
pa e He NMPOCTO KaK Ma/oro AeHCTBHTENbHOro, HO Kak 6ecko-
HEYHO MaJIorTQ THMepAeiCTBUTENBHOrO 4YHCJa OKas3anoch A
3TOi 3aJayH YpPEe3BLIYAHHO IOJIE3HBIM.

B Hacrosiiee BpeMsi HeCcTaHIAapTHbIH aHa/HM3 3aBOEBbIBaeT
Bee Goubluee npuanan#e. CocTosNCs pAf MEXAYHAPOAHBIX CHM-
NI03MYMOB, CleUHalbHO MNOCBSIIEHHbIX HECTaHIApTHOMY aHa-
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au3y u ero npunoxenusm (341, [35], [23]. B Teyenne nocnen-
HEro JecATHJETHs HECTaHAApTHbIH aHa/iu3 (TOYHee, 3JeMeH-
TapHbli MaTemaTHyecKHH aHa/l M3, HO OCHOBaHHBIH Ha He-
CTaHIapTHOM MOAXOAE) [penoiaBaJcsi B psifie BHICIIHX Y4eG-
HuX 3aBefeHuit CLIA. Hekoropble HTOTH TaKOro pojia npenoja-
BaHHs GbIM MOJBeJeHbl B METOLHYECKOH cTaTbe, omyG/HKO-
BaHHOH B 1976 r. B «AMepHKaHCKOM MaTEMAaTHUECKOM exxeme-
csiynuke» [42). CraTba 3aKaHUYHBaeTCs CJEAYIOLHMMH (pa3amu:
«OnaceHusi, ... 4YTO Te CTYAEHTbI, KOTOpble GYAyT H3y4yaTb Ma-
TeMaTHYeCKHH aHa/H3 NpH NMOMOLIH HHOHHHTe3UMaNbHBIX (Gec-
KOHEYHO MasblX) 3JIEMEHTOB, B MeHbluell CTEeneHH OBJAAeloT
OCHOBHBIMH HaBbIKaMH, AOJIKHbI ObITb, G€3 COMHEHHs, CHSATHI.
Bosnee Toro, npencraBnsiercs BeCbMa BepOSITHBIM, YTO HCIOJb-
30BaHHe MH(HHHTE3UMAbHOTO MOJAXOAA CHeJaeT KypcC Marema-
THYECKOrO aHa/lH3a ropasno 6Gosiee HBbIM M YBJIEKaTeJbHbIM
KaKk Ana npenojasartesiell, TaK M JJs1 CTYAEHTOB».
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Yeaxaembit uuratens!

Hanomunaem Bam, uto npubnmxaetcs cpok
BO306HOBNEHMA NOANMCKM HE NePUOAMUECKME M3-
AaHKUA, B TOM UYMCAEe M HA HayuHO-NONYNISIPHYIO Ce-
puio «<MATEMATUKA, KUBEPHETUK A».

Cepun 3HAKOMMT C COBPEMEHHBIMK AOCTHIKE-
HUSIMU M OCHOBHBIMM HANPAaBNEHMAMM PA3BUTHA
maTematukn u knbepHetukn. Hapsagy c teopetu-
yeckumu sonpocamu Gonbuwoe BHMMaHue yaens-
eTCA NPAKTUUECKUM NPHIIOKEHUAM K PeLUEHHIO
BaXKHEMLMX HayuHbIX U HAPOAHOXO3AMCTBEHHbLIX
npobnem. OBcypaloTCs METOAR0NOrMUECKHE M
Hnocodcrme CTOPOHLI Pa3BMTUS MaTemaThue-
CKOTO 3HaHuA, npobnemsl matemartuyeckoro o6-
pa3oBaHus.

Cepus paccumTaHa Ha CNELManUCTOB MaTeMma-
TUKOB, MHIXEHEPOB, YUaLMXCS BY30B M ChyluaTe-
neil HapOAHbLIX YHMBEPCHTETOB, Npenofasatenei u
yuutened. OtaensHeie Gpowtopsl 6yayT nonesusi
M WKONbHUKAM.

B 1984 r. noanucumkn nonyuar 12 6Gpowop,
cpeam KOTOpbIX:

N.H.Kopones. PA3BUTUE IBM U UX MA-
TEMATUYECKOIO OBECIMEYEHMUA.

A. A . Metpos. MATEMATUYECKUE MO-
AEN SKOHOMUYECKOIO PA3BUTUA.

N C. KpacHowekos. MATEMATUYE-
CKUE MOJAENN B UCCNEAOBAHWUK OIEPA-
LUHA.

C. E. Apomawko, H). M. PomaHos-
c k u M. DBONIOUUNSA MATEMATUYECKUX MOLE-
JIEW TEHETUKW.

H.H. Moncees. MOAENMU 3KONOIMA U
3BONOUMN.

T.EneHun, B. A. LopoaHnuybH. CUM-
METPUSA B PELLUIEHUAX 3ALAY MATEMATHYE-
CKOW ®dU3KKMWA.

A. M. Tep-Kpukopos. HEJMHEWHDLIE
3A0A4UYU U MATBIV MAPAMETP,

B.B.THeaeHnko. M, B. OCTPOrPAACKUA
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B 1984 r. noanucumkn nonyuatr 12 Homepos,
cpean KOTopbIX:

M. M. Nudpwuu| A. 1O. Tpocbepr,
A. P. Xoxnos. ®U3UKA NOSIMMEPOB U BUO-
MOJIMMEPOB.

B. N. MuHees. CBEPXTEKYUUHA TENUA-3.

FO. M. Tanrpckuin, B. M\. Mapkos. WUC-
CNEAOBAHUA CTPYKTYPbI A4PA.

M. B.Kypuk, N. A, Konppatenko. ®O-
TOrPA®HA BE3 CEPEBPA.

B. A. Aanunbiues. MOLLHbIE TA3OBbIE
JTA3EPbLI.

A. ®. Kpynuoes. MUKPOBOJIHOBAA
CMEKTPOCKOIMKUA.

|B-M. Wextep,| A. A. AHcensm. ATOM

M KBAHTOBAS MEXAHUKA.
AKTYAJIbHbIE MPOBJIEMbI ®U3UKU (C6op- .
HWUK NepeBOAHbIX CTaTeM).

Ofpawaem Bawe BHUMaHWE Ha TO, uTo bpo-
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‘BpowWwopbl 3TOM Cepun B PO3HUMHYIO npoga;ky He  no-
CTynalT, no3ToMy cBoeBpemMeHHO ohopMANAKTe noa-
nucky. MMoanucka Ha Gpowtopbt u3pavenscrea ,3Ha-
Hue'’ emeKBapTanbuan,"‘\'npunumaetcn 8 nwbom orpe-
nexuu ,Coro3nevatn’. o '

Hanomunaem Bam, uto cBegeHuAa o noanucke Bei
MoxeTe HauTu B ,KaTanore coBeTcKux raser u myp- .
Hanos” B paspene ,lleHTpansbHbie xypHanul”, py6-
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Uena noanucku Harog 1 p. 32 k.
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